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Michael Charles Zerner

January 31, 1940—February 2, 2000

On February 2, 2000, our colleague, friend, and fellow editor Michael Zer-
ner died after a long and difficult battle with cancer. Mike was born in Hull,
Massachusetts, and graduated from Carnegie-Mellon University in 1961. Sub-
sequent graduate study with Martin Gouterman at Harvard led to M.A. and Ph.D.
degrees in chemistry in 1966, and marked the beginning of an outstanding career
as a theoretical chemist. After serving for two years in the U.S. Army during
which he reached the rank of Captain, he spent two years at Uppsala University
in Sweden with Per-Olov Lowdin as an N.I.LH. Postdoctoral Fellow. He subse-
quently took his first faculty position in 1970 as an assistant professor at Guelph
University in Canada, where he later attained the rank of professor. In 1981 he
was appointed Professor of Chemistry at the University of Florida. His produc-
tive career was marked by exemplary teaching, research and service. From 1988
to 1994 he served as Chairman of the department. His research has led to ap-
proximately 200 publications. He held visiting professor appointments at a number
of universities in several countries and presented countless talks at universities,
industrial laboratories, and professional meetings. He was an active participant
in the Quantum Theory Project, a joint research institute of the departments of
Chemistry and Physics at the University of Florida. He was one of the organizers
of and a major contributor to the annual Sanibel Symposia. His leadership role
in the international community of quantum chemists is reflected by his editorship
of Advances in Quantum Chemistry his associate editorship of International
Journal of Quantum Chemistry and his membership on several editorial boards.
The ZINDO software program written by him and his students is used through-
out the world for instruction and research. In 1998 he became the first member
of the University of Florida chemistry department to be promoted to the rank
of Distinguished Professor.

Mike will be long remembered for his boundless energy and positive atti-
tude to almost every situation. As he was wont to say, “We can do that!”

JoHN R. SABIN
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Abstract

Density Functions play a fundamental role in the definition of Quantum
Theory, due to this they are the basic materials used in order to define Quantum
Objects and from this intermediate step, they constitute the support of Quantum
Similarity Measures. Here, the connection of Wavefunctions with Extended
Density Functions is analysed. Various products of this preliminary discussion are
described, among others the concept of Kinetic Energy Distributions. Another
discussed set of concepts, directly related with the present paper, is constituted by
the Extended Hilbert Space definition, where their vectors are defined as column
structures or diagonal matrices, containing both wavefunctions and their gradients.
The shapes of new density distributions are described and analysed. All the steps
above summarised are completed and illustrated, when possible, with practical
application examples and visualisation pictures.
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Extended Density Functions 3
1.Introduction.

Several years ago, Wigner [1] described how to reconcile some aspects of
Quantum Mechanics, with thermodynamic statistical distributions, a question
which has been raised again recently, even in close relationship with modern
experimental techniques [2]. In addition, contemporary to Wigner’s paper, there is
a volume due to von Neumann, considered by the author itself as a proposal to
clarify the ideas presented in a previous work by Dirac [3]. The concepts along
with von Neumann’'s work appear as a result of discussions in deep of the
quantum mechanical theoretical foundations [4], yielding a mathematical
development, where the modern usual statistical interpretation of Quantum
Theory is still to be found. With equal interest, associated to similar mathematical
aspects, shall be mentioned the book of Bohm [5], where the interpretation of both
wavefunction and probability density function roles was cleverly analysed, among
other nonetheless interesting subjects. After this, following an exciting research
path, Bell [6] produced several discussion proposals. These were mainly related to
various remnant ambiguous theoretical aspects of Quantum Mechanics, among
others, those raised by the so-called Einstein, Podolsky and Rosen paradox [7, 8].

The previously mentioned ideas could be considered as an inspiring source
of the present work. However, one of the references, which shall be located at the
real origin of this study, is the volume due to Mezey [9]. Also, large amount of
previous and ulterior related studies [10] published by the same author are to be
quoted due to the same inspiring aspect. Mezey has proved how electronic
Density Functions (eDF) pictorial forms can be handled: analysed, computed and
visualised. He has shown for the first time how eDF visualisation can be of great
help for the understanding of molecular shapes. The eDF isodensity surfaces
acting as a molecular microscope. Describing the eDF topology, Mezey deduced a
great deal of attached applications, like the concept of molecular shape similarity
[11] and the recently described holographic theorem [12]. Starting from these
considerations, there may be an interesting way to show that other than eDF
surfaces can be visualised and analysed, alone or added to the usual eDF to obtain
enhanced pictures. On the other hand, very important precedents circumscribed on
the point of view of eDF mathematical analysis, have been developed by Bader
[13] in a constant, long and fruitful research period, which can be traced up to
actual times [14].

The present work pretends to follow the path of these approaches,
hopefully adding new ways and insights to study molecular shape and to analyse
generally extended Density Function (DF) concepts. This paper do not tries to
substitute in any way this previous brilliant work. On the contrary, pretends to
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complement and enlarge it as much as possible, providing the chemical body of
alternative tools to understand molecular structure and behaviour.

Besides of these previous considerations, the theoretical development of
Density Functional techniques, which started from the seminal paper by
Hohenberg and Kohn [15], has enhanced the role of the DF in all the possible
aspects. In this way, this fact acts as another basis for a study like the one
presented.

The actual discussion has the aim to adopt this previous spirit, but
obviously choosing a much more modest point of view, attached to Quantum
Similarity Measures (QSM). This work is focused to explore the various possible
extensions for the study of DF, the auxiliary building block elements of QSM [16-
38]. In order to fulfil such a purpose, this study will start analysing a sound formal
basis as a first step to understand the role of momentum operators in
computational Quantum Chemistry. From this introductory position, it will be
finally obtained a general pattern enveloping the whole area of DF study,
beginning at the basic aspects and ending over the final applications of extended
DF definitions.

It is well known that the eDF can be used for computing molecular
expectation values. However, from the point of view of the development of
practical applications, first order DF beginning with ab initio functions and ending
as well into Atomic Shell Approximation (ASA) forms [39], are accepted work
candidates for QSM applications too [40]. General QSM definition proves to
contain expectation values as a particular case [41], some summarised details can
be found in Appendix A. First-order eDF are customarily used in QSM molecular
comparisons, since the initial description of the original concept [16]. Higher
order eDF can be employed as well in QSM calculations [31,33,35]. Problems
consisting in systems other than molecules can be studied in the same way [41],
and the QSM applications can be extended to the area of statistical mechanics
distributions [43] as well.

Several new possibilities have become apparent along the path of the QSM
theoretical development [44]. Among others, one can quote Electrostatic Potential
distributions as well as eDF transformations. Thus, one can say that eDF analysis
and the attached concept of Quantum Object (QO) [41,45,46] have opened the
way towards an almost complete definition of the structure of QSM and their
generalisations. At the end, a mathematical picture of the connection between
chemical information and the idea of molecule emerges in the form of Tagged
Sets and Ensembles [47,48], see also the Definition 1 and Definition 8 of the
Appendix A.
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Owing to these considerations, the present paper will be organised in the
following way: Tagged Sets, eDF and QO will be first briefly discussed.
Differential operators and Kinetic Energy DF will be described next. Extended DF
in general and associated to the ASA DF framework will follow, and some visual
examples for assorted molecules given. Finally, a diagonal representation of
extended wavefunctions and some applications, which could be important to grasp
the new theoretical aspects, will be analysed.

2. Density Functions as Object Tags.

In this initial section will be briefly presented the background ideas which
fundament the connection between quantum systems and Tagged Sets [47].
Everybody can admit that DF are, since the early times of Quantum Mechanics, an
indispensable tool to precisely define mechanical systems at the adequate
microscopic scale [4,5]. Therefore, Tag Set parts made of quantum DF ought to be
associated to quantum system’s information [48]. The quantum theoretical
structure fits perfectly into the Tagged Set formalism and permits the definition of
valuable new theoretical elements [49].

2.1. Quantum Objects.

The idea of Quantum Object (QO) without a well-designed formulation
has been already used in the literature [30-32,35]. Moreover, the background
mathematical structure leading towards the recently published [48,49] definition
of QO is to be found within the possibility to construct a new kind of sets: the
Tagged Sets. In their definition, both set elements and known information on them
are taken simultaneously into account. In order to obtain a sound QO definition,
besides the definition of the Tagged Set concept [47], and furthermore to develop
this line of thought, there are needed some preliminary considerations.

2.1.1.Expectation Values in Classical Quantum Mechanics.

Starting from the fact that classical quantum study of microscopic systems
is essentially associated with the Algorithm 1 of Appendix B. Then, all
observable property values of a known system, o, can be formally computed as
expectation values, (@), of the associated hermitian operator, €2, acting over the

known state DF, p(r) [4,5]. In the same way as in theoretical statistics it can be
written:
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o = [Ofr) plr)dr. (M

Where r shall be considered a p-dimensional particle co-ordinate matrix. It must
be also noted that equation (1) can be interpreted as some scalar product or linear
functional form:

a):Q‘p, (2)

defined within the spaces where both the involved ¢r) and pr) p-particle

operators belong. Equation (1) has been recently used to connect QSM and QSAR
[51] and to extend the well known Hohenberg-Kohn theorem [52].

A quantum mechanical well known alternative definition of expectation
value, .w , has been defined in parallel to equation (1), having the form:

o = [Y(r)yQW¥(r)dr, €

Such computational possibility may adopt the formal structure of a weighted
norm:

© =YV, @

An elegant statistical deduction of equation (4) can be found in the reference [59].
2.1.2. Examples.

A practical example of the formalism provided by equation (1) may be
constituted by the electronic part of Electrostatic Molecular Potentials (€EMP).
The concept was first used by Bonaccorsi, Scrocco and Tomasi [53a)]. The eEMP
evaluated at the position R in 3-dimensional space, V(R), computed over first
order eDF, p(r), is readily defined using equation (1) as:

Qr)=r-R[ A V(R)= ﬂr - R‘;f' o(r)dr. 5)

Not taking into account the electron charge, eEMP acts as a positive
definite (PD) distribution, with maxima located at molecular nuclei. Thus, the
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form of the eEMP, when compared with the eDF structure, must be expected to
reflect the weighting presence of the Coulomb operator. This is made obvious
when eDF is forced to adopt the formal definition:

Qr)=6(r-R)A p(R)= Ié'(r -R)p(r)dr . (6)

Equation (6), can be considered as an overlap-like QSM [33] between a
molecular eDF p(r) and a point charge located at position R, represented by the

Dirac delta function: 5(1'— R). At the same time, equation (6) bears the same
structure as equations (1) and (5) have. Thus, it can be also said that the eDF
itself, as eEMP with respect to Coulomb operator, could formally be considered as
the expectation value of a Dirac delta function acting as an operator.

Equation (5), can be also written as a Coulomb interaction between a point
charge, located at the position R, represented by a Dirac’s delta function and an
eDF, p(r), using the integral:

V(R)= ”(S'(S—R)yr—s—lp(r)ds dr, (M

but it can be considered as a Coulomb-like QSM too, just as in the same way as
the current QSM are defined [31-33]. See also Definition 7 in Appendix A, for
more details.

2.1.3.Quantum Object Definition and Generating Rules

Then, after these preliminary considerations, the QO Definition 2, which
can be found in Appendix A, can be made. The interesting fact, which must be
stressed here, is the DF leading role played in quantum mechanical systems
description and, as a consequence, in the QO definition. The DF generation in
varied wavefunction environments has been studied {54] several years ago. The
most interesting aspect of this situation corresponds to the way eDF, p, are
constructed, starting from the original system’s wavefunctions,'¥. This general
formation process has been called a generating rule [49], and has been expressed
by the symbol: 2(¥ — p), see equation (B-1) in Appendix B.
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2.2. Density Functions.

It is well known [54] how eDF can be variable reduced. Integrating the
raw ¢DF definition over the entire system particle co-ordinates, except r of them,
produces a r-th order eDF. The procedure may be schematised within the third
step of Algorithm 1 or using the way depicted in the generating rule of equation
(B-1) of Appendix B. This kind of co-ordinate reduction has been studied in many
ways [55-57] and will not be repeated here.

When the practical implementation of QSM has been considered in this
laboratory, a simplified manner to construct the first-order eDF form [39] has also
been proposed and named Atomic Shell Approximation (ASA) eDF. A procedure
has been recently described [39¢),f)], bearing the correct necessary conditions to
obtain positive definite ASA eDF, possessing appropriate probability distribution
properties.

2.3.Convex Conditions and ASA Fitting.

Definition 4, in appendix A, succinctly presents the structural details of
first order eDF, and connects their form with the ASA eDF. The ASA eDF
coefficients vector, w= {w,} must be optimised, in order to obtain an
approximate function, completely adapted to ab initio eDF. The w vector
component values shall be restricted to lie within the boundaries of some Vector
Semispace (VSS): Z{R"), see Appendix A, and his element sum, w , shall be
unity. This feature can be cast into a unique symbol, which can be referred to as
convex conditions, J(w), applying over the n-dimensional vector w. In appendix
A details can be found within the corresponding Definition 5.

As commented in Definition 4 of Appendix A, the DF form shown in
equation (A-1) can be used to build up new DF elements, while preserving % (p).
If w is taken as a vector, assuming that #={pi(r)}c HR") is used as a given set

of homogeneous order DF, and that convex conditions .#%(w) hold, then the linear
combination:

p(r)= Z wp(r)e# (R)

®)
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produces a new DF with the same order and characteristic properties as the ones
associated to the elements of the set 2 It can be said that convex conditions over
vector coefficients, affecting DF superpositions, are the way to allow the
construction of new DF of the same nature. Quite a considerable proportion of
chemical computations, performed over large molecular systems, is based on such
principle. A recent paper [39¢e)] and its sequel [39f)] provide the complete up-to-
date details of ASA eDF fitting.

The DF themselves may be considered as elements of a VSS or also,
alternatively, as members of a PD Operator Set, which can be collected in turn
into another isomorphic VSS, whose elements may be PD Operators.

The most important thing to be noted in the context of PD Operator VSS,
as well as in the isomorphic VSS companions, is the closed nature of such VSS,
when appropriate PD coefficient sets are known. That is: PD linear combinations
of PD Operators remain PD Operators. Discrete matrix representations of such PD
Operators are PD too, and PD linear combinations of PD matrices will remain PD
in the same way. Identical properties can be described using convex conditions
symbols, if { Z(pi);Vi} and .%Z(w) hold, then equation (8) is a convex function
fulfilling 7(p).

2.4. Generalised density functions.

For describing a general DF form, a definition of a new matrix product, the
inward product, is needed, and it can be found in Appendix D along its properties.

These features and definitions permit to express density functions in a
compact and extremely general form [92]. Such previous work may be referred to
defining a matrix W as bearing a convex coefficient (hyper-)matrix of arbitrary

dimensions: Dim(W)= {5 } In general, this can be obtained by choosing a
complex matrix X, with adequate dimension: Dim(X)= {5}, such that the inward
product holds: W =X"*X. Then, symbolically it can be assured that:
W= &weW—)EzeX: w=xx="% eR*}. This special choice can be
also described by imposing convex conditions on W, that is:
Zy(W)={Voe W >wecR A W.=1}. In the previous definitions and in

what follows, (hyper-)matrix elements are written without subindices, this is so
because in inward product definitions the involved (hyper-)matrix elements have
to bear the same subindex set.

Let us define now a (hyper-)matrix P, possessing such a dimension that:
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Dim(P)= Dim(W)={5}. Also, P contains as elements, normalised positive
definite multivariate functions of a position vector R of arbitrary dimension. That
is, it can be formally written: J P(R)dR =1, being 1 the unity (hyper-)matrix, as

defined before, such that: Dim(l): {6} . More specifically, one can compactly
write the convenient structure of (hyper-)matrix P, using the construction rule:

P={vp(R)eP > VR:p(R)eR" A [p(R)dR =1

This can be accomplished by constructing an inward product: P =W"*W¥,
i . Keeping this in

being: Dim(®)= {5}, so P= {‘v’p ePoIpeWp=g
mind, a normalised density function of the position variables vector R can be also
expressed as an inward product:

p(R)= W*P = [p(R)dR =1.

Where have been used the matrix elements sum as in Definition 6 of Appendix A.

3.Differential Operators and Kinetic Energy.

There is another interesting question, not yet discussed in the quantum
mechanical literature, as it deserves. It could be attached to the interpretation of
the differential operators role, as momentum representatives within the framework
of classical quantum mechanics when the position space point of view is chosen.

3.1.Statement of the Problem.

There appears to be present a formal puzzle, when one tries to connect a
second order differential operator, representing a QO kinetic energy (KE), using
the expression of an expectation value in the statistical formalism, represented by
equation (1). KE expectation values do not fulfil the usual statistical formalism
represented by equation (1) and the examples given in equations (5) and (6). On
the contrary, they possess a kind of expression according equation (3), as can be
found in any treatise, see for instance, the Bohm [5], Messiah [58] or Shankar [59]
discussions. However, the KE expectation value adequately transformed and,
avoiding some scalar factors, looks like a norm. This can be easily seen when
writing the following equalities:



Extended Density Functions 11
2K =-[¥'VWaV = [(V¥) (V) dV . ©)

where the change of sign can be attributed to Green’s first identity [60]. A similar
technique has been also used in the evaluation of KE integral representation over
atomic basis sets [61]. Equation (9) has been customarily employed since the first
description of DFT [62] and used as a working tool in this context hereafter [63].

A remark shall be made here, concerning the absence of a scalar imaginary
unit factor accompanying the nabla operator in expression (9) and in the following
equations. There seems apparently not imperative for the purpose of the present
discussion to use this imaginary scalar factor. Moreover, equation (9) tells that KE
will become necessarily a DP quantity, being the result of a norm-like expression.
Later, section 6.3 gives a discussion on the possible ways to define the momentum
operator, as well as a possible origin of the minus sign in the KE, will be given.

Available ancient and contemporary textbooks do not explain this
situation, see for a recent example reference [64). However, the current literature
presents it as a de fucto characteristic feature of quantum mechanics. The usual
trend is to classify this oddity within the fuzziness of quantum mechanical
postulates®. Other authors introduce KE expectation values throughout
mathematical manipulations not exempt of difficulty [5].

3.2. Extended Hilbert (EH) Spaces.

In order to resume the whole picture concerning expectation values, it can
be said that, quantum mechanics, admits as a fact generic computational forms, as
the integral (1). When using this formal structure, the particular examples (5) and
(6), represent an expectation value, like in theoretical statistics. Nevertheless, at
the same time, when gradient operators appear into the computational scenario,
the expectation value integral has to be modified, adopting a form as in equation
(3). This kind of integral expression transforms into equation (1) only in the case

* A brief digression about the quantum mechanical postulates may be worthwhile now.
Proposed since the formulation of quantum theory, the presence of quantum mechanical postulates
in the literature is characterised by quite a large choice of variants. This can be evidenced by
perusal of any textbook contained in the limited collection provided in references [3,58,61-72], but
looking towards earlier times the situation has not changed since then [4,5]. One can find there,
from no postulate description at all [3], up to quite large lists of them [67]. Even the suggestion
can be found that quantum mechanical postulates should be substituted by adequate definitions
instead [6].
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where the operator, Q, do not depends on the momentum as a variable. Equation
(1) looses sense, for instance, when kinetic energy laplacian operator is to be
computed, and integral (3) necessarily emerges. On the contrary, when the
involved operator is a function of the position only, then both integrals are
equivalent. Thus, one could take the decision to accept the form given in the
integral (3), as the adequate quantum mechanical expression of the expectation
values to be always adopted. However, when doing so, the presence of the density
function role is paradoxically lost if Appendix B, Algorithm 1 definition is
adopted.

The question may be formulated as whether it is possible to find out a
coherent computational way to obtain a statistically meaningful expression for
expectation values in any observable operator case. Irrespective of the system’s
observables being made either of momentum or position functions. Moreover, if it
is possible to find out such a general way, in the expectation value general
expression, the DF must be explicitly present and featuring the customary role of
probability distributions as in theoretical statistics.

A possible way to solve the problem will be shortly described in terms of
the points discussed up to now, although the possible solution of the dilemma will
be postponed until Section 6. Suppose that the original Hilbert space, .2 (C),

where wavefunctions belong, is extended into another one, .#° (V)(C), which

contains both wavefunctions and their first derivatives, the quantum mechanical
momentum representation accompanying the wavefunction, that is:

YW e #(C)= ¥ e.Z"(C)AIV(¥)e .2 (C).

Such a possible feature can be found, as an example, within a typical set of
solutions of the Schridinger equation. The harmonic oscillator provides an
obvious particular case of such an EH space. It is well known that harmonic
oscillator solutions constitute the set of Hermite polynomials [73], weighted by a
gaussian function [65]. These polynomials can be considered related to the GTO
basis functions most widely used in contemporary Quantum Chemistry. First
derivatives of Hermite polynomials are always well defined, producing another
polynomial of the same kind.

Following this line of though, it can be said that, besides the properties,
customarily attached to wavefunctions [58], there can be stressed a need for an
additional condition. It might consist in that the same properties of wavefunctions
must be fulfilled by their first derivatives. This has not to be taken as an oddity,
but it has been clearly noticed in the quantum mechanical analysis of
wavefunctions. See, for instance, the work of Messiah [58] or Bohm [5] and the
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Hilbert space properties provided by Lowdin [74], where it is said that the norms
of both wavefunction and its gradient must be finite. See, to enlarge this point of
view, the extensive discussions of the references [4, 75, 76]. Along these studies,
it is repeated many times the necessity that both wavefunctions and their first
derivatives possess the same mathematical characteristics.

3.3.Considerations on EH functions.

Then, considering the attached VSS, JAR"), where the DF belong, one can
also accept that:

Vp=w’ e%(R*)z Ellc:iV‘I’:2 e%(R*)

to every DF, p, there exists in this way a momentum DF. Perhaps, in order to

distinguish one DF from another, one can call, in a better descriptive way, this
kind, «, of first derivative distribution: KE DF, in the same way as March [63]
refers to it. The KE DF belongs to a Hilbert VSS, and integrated provides the
expectation value of the associated QO KE. The following sequence, developing
details appearing in equation (9), will shed light over the proposed question:

2K = [kdv =[IV¥ av = [(Ve) -(V¥)dV =
10
- Y VIYay = -V = [¥AY AV = - A (19)

£l

where the negative sign appears as a consequence of Green’s first identity [60], as
has been commented when equation (9) was discussed. KE DF can be supposed
normalised, in the same way as eDF can be normalised too. In this case the norm
of KE DF is twice the system’s KE.

It can be concluded that KE can be considered related to the norm of the
QO wavefunctions gradient. As a consequence it could be interesting, to obtain
KE DF, «, maps or images in the same way as they are customarily obtained for
the eDF, p[9]. A complementary information to eDF will surely be obtained from

these representations. Similar shapes of both functions at large distances from the
molecular nuclei shall be expected, but having very different behaviour near the
nuclei.

A related discussion can be found in Bohm treatise [5], when diverse
possible time-dependent DF forms in a relativistic framework are presented. For
non-stationary relativistic states, a function made of a combination of eDF and KE
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DF is proposed and rejected afterwards, due to the variant character of such a
function. However, for stationary states and in a non-relativistic, classical
quantum mechanical environment such a proposal may become interesting and
could be related to Bader [13] analysis. The term KE DF, as it was commented
before, can be considered here borrowed from March volume on DFT [63]. In this
study, KE DF is widely used connected with the DFT of exchange and potential
contributions.

As pointed out in Section 2.3 above, being both DF, p and K, elements
of a VSS, then nothing opposes to perform a convex linear combination as:

A(r)=ap(r)+(1- a)k(r),

where the scalar coefficient & € [0,1], acts as a weight balancing both density
distributions. The combined DF still will bear a structure of probability
distribution whenever the KE DF is adequately normalised. The KE DF
normalisation factor can be trivially deduced from equation (10) to be: (2 K )fl ,

but in the present study, the same can be achieved whenever ASA approach is
used with every term present in the linear combination normalised.

Figures 1 and 2 show two examples of such a mixed possible
representation. Figure 1 provides a set of pictures for L-Leucine, taken as a
typical organic structure with biological implications. On the other hand, figure 2
constitutes a similar characteristic molecule, with its structure borrowed from the
Mezey book [9a)], for comparative purposes. In this second set of pictures, [ -

Alanine is presented in an internal hydrogen bond configuration, because in this
atomic geometry presents a toroidal shaped surface.
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3.4. Generating Rules in EH Spaces.

It seems plausible to summarise the features of this discussion. To obtain a
coherent picture, with KE occupying a sound place, among other quantum

mechanical structures, then the EH VS, & (V)(C), could be defined not only
containing wavefunctions but their first derivatives too. This allows to construct
the associated DF VSS, .7 (V)(R*), as containing not only eDF but also KE DF.

The clements of this peculiar EH VS, where both wavefunctions and their
gradients are contained, can be ordered in the form of column vectors, like:

O =|¥;V¥ e.27Y(C),

this form could be attached to some scalar-to-vector transformation using a
vectorial operator, involving the gradient, such as:

LV [¥]=|¥; VY =0 . an

In the case of one particle QO, the necessary quadrivector structure, which
must adopt the extended wavefunctions, acquire a qualitative similarity to
relativistic spinors [77]. In order to obtain mathematical coherence, even non-
relativistic Quantum Mechanics seems that can be easily attached to a vector-like
wavefunction representation, originated due to the presence of momentum and
thus of KE differential operators. An idea of Levy-Leblond [78], recently quoted
by Karbowski [79] can be related to this feature.

An appropriate generating rule defined within the extended wavefunction
domain, can now be written as:
VO =¥ V¥ e ¥ (C)>
#(® > pix )={3p=¥ ¥ =¥ Adx=(V¥) (V). (12)
= V¥’ = pix e Z/’(V)(R‘)

3.5. Energy Scaling in EH spaces.

As discussed before, the eDF p can be considered normalised, according
to equation (A-2). The KE DF k', can be normalised too, the gradient density
norms being in absolute value twice the kinetic energy expectation value, K .
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This amounts the same as to consider normalised the total extended
wavefunction, |@

OD =1+2K . (13)

This is a consequence of the characteristics of the spaces containing both,
the wavefunction and their gradient, whose elements, then, should be considered
square summable functions. The normalisation of the extended wavefunction @ ,
may produce an energy scaling as interesting as the squared particle number scale
factors, as analysed elsewhere [49]. However, the property that really matters
from the variational point of view, as well as from the quantum mechanical basic
formulation, is the normalisability of the generating scalar wavefunction |\ .

The effect of such an electronic energy scaling may be easily analysed.
Taking into account that the electronic energy can be expressed as a sum of
expectation values of kinetic and potential energies, respectively :

&=K + V.

The corresponding energy scaled form can be readily written as:
E=(1+2K)' (K + V)

which can be easily transformed into:

=(+k ))(; —n),
being the virial coefficient defined as:
n=-2Kk) v

Considering that for systems where the number of particles becomes very large,
the following simplification can be made:

1+2K )" ~1,
then:
éﬁzl—n-
)

In the case that: 77 ~ 1, the scaled energy becomes:

gz—l

N
2
which is nothing more than the ground state energy of the H atom in a.u. . This
kind of atomic energy behaviour upon scaling can be numerically checked by

b
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transforming the energies arising from any set of accurate atomic calculations, for
example the ones present in Clementi and Roetti [50] collection.

3.6.Extended Wavefunction Projectors.

The projectors, associated to the extended quantum mechanical
wavefunctions @ , will possess a matrix structure, which can be written as:

, 14
© q)z[ e ¥ (VW) J_P’ 14)

(V¥ (V¥) @ (VYY)

then, using the symmetrisation: Q= ‘2(P* +P), the new projector could be
rewritten as the matrix:

(p i
Q{jK]

where K bears a certain resemblance to the hessian matrix of the ¢eDF. Then,
defining:

k =Tr(K): 7r(Q)=Tr(P)=p +k,

and the off-diagonal elements can be related to the current density, see for
example [5,58,70], except for an imaginary constant factor:

§ =)+ (V) )

4.Extended Density Functions.

The previous discussion leading to the concept of KE DF can be used to
obtain the pertinent ASA DF counterpart, as well as this experience may be
actually employed to construct other kinds of extended DF. In the present section
several breeds of DF, arising from the consideration of EH spaces will be
presented.
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4.1.ASA Kinetic Energy DF.

ASA DF formalism could be easily manipulated by means of the KE DF
formulation. In this case, as ASA eDF can be supposed constructed by the general
MO eDF form, as in equation (A-1), then the MO KE DF may be written
accordingly as:

K(r)=Zw,iV(P,(r)z- (15)

Because in ASA the basis functions {(p, (r)} are assumed to be normalised 1s GTO

functions, with centre at the position Rl , one can write the gradient vector as:

Vo, (r)= V(N(a, )exp(— ar-R, 32 ))= -2a, (r -R, )(p, (r), (16)
and after this, one can obtain straightforwardly the ASA KE DF expression:

x(r)= 4y r- R, (),

using: ¥, = a),a,z . This result, in the above framework, tells that ASA KE DF
basis functions acquire a functional structure as a 2s GTO.

4.2.Quadrupole DF.

Another obvious set of ket elements in EH spaces can be constructed. It
can be made with the vector wavefunction part multiplied by the position vector,
as: |y =/W;r¥ . The new extended functions are the quantum mechanical

position companions of the formerly described momentum ones: @ =|¥;VV¥ .
In the same manner as it has been done before for the functions |@;, a density and

a projector can be described for the extended ket | y . Thus, a Quadrupole DF
{QDF) can be defined as:

q(r)=(r" p(r).

forming part of an alternative DF attached to this new collection of extended
functions:

2 =p+af p=(1+}t )o = p(r)+ g(r).
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The norm of the total density will be easily obtained as:
jmzdr = _[p dr + fr“zp dr=1+ ‘rwz

Also, this new kind of extended DF can be obtained, in the same way as in
equation (14) by computing the trace of the projector matrix:

(1 e (P u
\Z‘Z‘_ ‘r\ ‘r’;\r‘ pP= /,A‘ Q ’

which corresponds to a matrix with dipole moment distributions in the off-
diagonal elements and, moreover: TriQL:q(r). QDF will obviously not be

translationally invariant.
4.3. Angular Momentum DF.

Within the same reasoning context, it might be nice to see how angular
momentum could be introduced in the EH wavefunction scheme. Defining the
antisymmetric matrix:

0 -z vy
efr)=| z 0 -x
-y x 0

then it is easy to see that angular momentum can be obtained as [78]:
rxV¥=e(r)V¥ =LV,

where L is the angular momentum operator, except for an imaginary constant.
Thus, the diagonal hypermatrix:

A = Diag(l,e(r)),
transforms the extended wavefunctions into angular momentum ones:

AD =AY, V¥ = ¥,rx V¥ .
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At the same time, one can define angular momentum DF (AM DF) using the same
arguments as before, taking the vector part of the resultant extended
wavefunction:

l(r): rx V¥’ =Tr(r® r)Tr((V‘i’)® (V¥))- Tr(r® (le)):‘

which, when considering ‘¥ as an 1s GTO function, like in ASA environment,
adopts the form:

Ar)= (42 ){Tr(r ®r)\Tr((r-R)®(r-R))- Tr(r®(r-R)) } N

As in the previous QDF structure, the AM DF will not present translational
invariance.

4.4 Mass Variation with Velocity DF.

When dealing with relativistic hamiltonians, a great amount of new
operators appears because of several approximate procedures allowing the
simplification of Dirac’s equation. See, for example, the treatise of Bethe and
Salpeter [81], as well as the Moss discussion [77 a)], the McWeeny’s book [82],
or a recent comprehensible brief résumé due to Almléf and Gropen [83].

The also so-called mass-velocity term, is mainly related to the fourth
power of momentum, and thus with the operator V*. The adequate operator
structure will be given by a diagonal operator: U = Diag(l;—v2 )= Diag(l;A)
acting on the extended wavefunctions, in this way, using Green’s first theorem:

V= dod =1- [(VE)(VNVYP)dV =
1+ (VW) (V28)dr =1+ [(AP) (A¥)dV =1+ [AY "av.

The three integrals appearing in the last sequence terms are the ones, which
according to Bethe and Salpeter [81] must be used whenever mass-velocity
integral terms have to be evaluated. So, the corresponding Mass-Velocity (MV)
DF part may be written as:

ofr)= AY" .
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The corresponding ASA MV DF, form could be written knowing the ASA
gradient as expressed in equation (16), the laplacian of a 1s GTO function located
at the co-ordinates R, as in equation (16), it is easily found to be:

Ap (r)=2a, (Za,\r -R,[ - 3) o.(r).
Then the ASA MV DF could be expressed as the sum:

2

or)- Yo apr) =457, Lar R, -3 0 (r)]

i

L)

where, as before in KE DF: y, = a),Ot,2 . It can be easily seen that MV DF appears,
according to the well-known properties of 1s GTO, as the square of a dZZ -type

function.

S. Visualisation Examples of DF.

The new set of varied DF found in the previous section can be studied in
the same way as the well-known eDF maps are represented since the first plots
used in Quantum Chemistry [53a)]. Here an alternative point of view, similar as
the one used by Mezey [9a)], will be chosen. Three-dimensional maps of
isodensity surfaces can be generated with available computational techniques
[84]. This corresponds to follow several steps, some of them so trivial that appear
to be irrelevant in a study as the present. The representation process starts with the
evaluation of DF grids, enveloping the molecular co-ordinates, which can origin
wireframe structures related with the isodensity values. After that, they can be
rendered and rotated in space as virtual objects, until some adequate point of view
is found. Finally, the chosen object snapshot can be manipulated, represented on a
screen and, if necessary, printed into a paper surface. The processing detail, the
computational techniques and the required programs and data are briefly
commented in Appendix E. All the necessary items are available to the interested
reader and permit to generate surfaces of his own [93-96].

A comparison of extended DF for some assorted molecular structures will
be given below, just to present a quite limited sample of the available possibilities,
at everyone’s disposal, in order to show visually the many facets of molecular
skin.



24 Ramon Carbé-Dorca et al.
5.1. Visualisation examples of several molecular extended DF.

Here, several examples of molecular structures and DF, as discussed in the
previous sections, will be given to illustrate the possibilities of such DF
generalisation based on the structure and opportunities given by the EH spaces.

In all the examples given in the following sections, the plotted functions
are generated under the ASA framework, using the function structures described
in the previous sections starting at Section 3.6 and ending into Section 4.4. The
conditions discussed in Section 2.3, are forced to hold for all the displayed DF in
the next sections. That is, whichever DF, obtained by a convex superposition,
must have the associated basis set made by normalised DF. This kind of
fundamental property has been followed in all the cases shown below. Such
examples contain a sample of the possible EH molecular DF, as described in the
preceding sections, that is: ASA examples of eDF, KE, Q, AM and MV are
provided. The molecular structures chosen are:

A) Diazepam (7-Chloro-1,3-dihydro-1-methyl-5-phenyl-2H-1,4-benzo-
diazepin-2-one).

B) Mescaline (Mescaline hydrochloride)(FFF).

C) Quinine (10-Hydroxy-10-methyl-10,11-dihydroquinine)

D) Lysergic acid (LSD or Lysergic acid diethylamide o-iodobenzoate
monohydrate).

The corresponding molecular structures, used in the following pictures, have

been extracted from experimental crystallographic data [97]. For each molecule,
every isodensity surface is plotted at four isodensity levels.

5.1.1. ASA eDF visualisation.

The first example presented, along Figures 3 to 6, consists into the
representation of the ASA eDF for the four molecular structures chosen.
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Figure 3.- Graphical representation of ASA eDF calculated at four iso-density
levels for the diazepam molecule.
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Figure 4.- Graphical representation of ASA eDF calculated at four iso-density
levels for the mescaline molecule.

Mescaline
° %
A, S
1-10* 1-10°
' ®
, s e
g ofiie
()
a. S




26 Ramon Carbé-Dorca et al.

Figure 5.- Graphical representation of ASA ¢DF calculated at four iso-density
levels for the quinine molecule.
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Figure 6.- Graphical representation of ASA eDF calculated at four iso-density
levels for the LSD molecule.
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As it can be observed from the figures presented before, all systems are
accurately described when low and high isodensity levels are considered, reaching
a quality quite close to the obtained using ab initio procedures, see [9a)].
However, and due to the nature of the promolecular approach used, the
description of the intermediate levels, which coincide with bond formation steps,
are not so accurately described. Although, this inconvenience is omitted when
working in QSM, the main user of ASA DF, because the density is greatly
concentrated around atoms, and the contribution of bond density in similarity
measures is negligible.

5.1.2 ASA KE DF visualisation.

The next presented example, corresponding to Figures 7 up to 8, involves
the visualisation of KE DF. Similarly to the previous four ASA eDF surfaces, the
representation is made over the same molecular set, and in the same manner, the
corresponding isodensity surfaces are plotted at four levels.

Figure 7.- Graphical representation of ASA KE DF calculated at four iso-density
levels for the diazepam molecule.

Diazepam

| N | N
1-10™ 7-10™
‘o'-:
@ e
g‘v"tt
Qag e&
A h.

810 2107




28 Ramon Carbo-Dorca et al.

Figure 8.- Graphical representation of ASA KDF calculated at four iso-density
levels for the mescaline molecule.
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Figure 9.- Graphical representation of ASA KDF calculated at four iso-density
levels for the quinine molecule.
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Figure 10.- Graphical representation of ASA KDF calculated at four iso-density
levels for the LSD molecule.
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Taking the eDF as a comparison model, KE DF presents similar forms at
low isodensity values, enveloping the molecular shape, and the same can be said
at high function values, whereas only heavy atoms are represented. However,
when the intermediate values are considered, an interesting difference arises, due
to the decrease of eDF along the interatomic distance, KE DF increases creating a
maximum between bonded atoms. At this point, it has to be pointed out the
arbitrary change of sign carried out when deducing KE DF, done just for
simplicity. It must be noted thus, that the change involving the maximum
transforms it into a minimum, which coincides in turn with the position where
electron velocity is lower. This situation is easy to understand, because the nearer
any electron is to an atom, faster it will move, due to the increment of nuclear
attraction.

Another remarkable difference, which is difficult to notice from the
present Figures, is that, and according to ASA KE DF equation, the value of the
function in the atomic co-ordinates is zero, just where eDF reaches a maximal
value.

5.1.3. ASA QDF visualisation.

The next EH DF representation example presented, in Figures 11 to 14,
involves the visualisation of QDF. Surface representation, similarly to the
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previous figures, is based the same molecular set as before, plotted at four
isodensity levels. Quadrupole moments provide a second-order approximation to
the total electron distribution, and indeed, to the molecular shape, as they are the
second order derivatives of the energy with respect to an applied electric field.
Quadrupole-like DF arises from this idea and provides a new vision of the
molecular shape from the point of view of a pre-established centre. In the
presented examples, for each structure, all molecular co-ordinates have been
translated at their centre of charges, in order to provide a sound reference for
reproducibility purposes, as QDF is not invariant upon translation.

Figure 11.- Graphical representation of ASA QDF calculated at four iso-density
levels for the diazepam molecule.
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Figure 12.- Graphical representation of ASA QDF calculated at four iso-density

levels for the mescaline molecule.
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Figure 13.- Graphical representation of ASA QDF calculated at four iso-density

levels for the quinine molecule.

Quinine
b a.
1-10"* 510"
-:*V .'O’cl ¥
% e
. . it it
1:10° 3-10°




32 Ramon Carbé-Dorca et al.

Figure 14.- Graphical representation of ASA QDF calculated at four iso-density
levels for the LSD molecule.
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From the inspection of the figures above, it can be seen how at high values
of QDF the regular molecular shape is split from the chosen molecular centre of
charges. The function begins to have a structured form around the heavy atoms,
present surrounding centre of charges. At low values of QDF, the shape becomes
as regular as the eDF forms.

5.1.4 ASA AM DF visualisation.

The following example presented, in Figures 15 up to 18, corresponds to
the visualisation of AM DF. Similarly to the examples above, the representation
consists in the visualisation of the same set of molecules as before, plotted also at
four iso density levels,



Extended Density Functions

33

Figure 15.- Graphical representation of ASA AM DF calculated at four iso-

density levels for the diazepam molecule.
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Figure 16.- Graphical representation of ASA AM DF calculated at four iso-

density levels for the mescaline molecule.
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Figure 17.- Graphical representation of ASA AM DF calculated at four iso-
density levels for the quinine molecule.
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Figure 18.- Graphical representation of ASA AM DF calculated at four iso-
density levels for the LSD molecule.
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In order to understand the physical interpretation of this new kind of DF, a
remind of what one can interpret by molecular AM must be discussed. AM
corresponds to the momentum, associated with the rotational motion of a
molecular object, and the greater the AM, stronger the braking force needed to
bring it to rest. Combining this concept with the existence of molecular inertial
axis, it can be seen how the major part of AM DF is gathered around the edges of
the axis involving less mass translations. This point of view appears more obvious
when high values of AM DF surfaces are observed. When low AM DF values are
analysed, it is easy to grasp that the shape of the AM DF becomes uniformly
distributed, as the contributions from the rest of the axis are added, adopting
finally an eDF-like shape.

As in the QDF cases, the AM DF is not invariant upon translations, and the
present images have been obtained upon translation of every molecular atomic co-
ordinate set into the centre of charges.

5.1.5 ASA VMV DF visualisation.

The last example presented, in from Figures 19 up to 22, consists in the
representation of MV DF. The figures involve the same set of molecules and
molecular surfaces have been also plotted at four levels.

Figure 19.- Graphical representation of ASA MV DF calculated at four iso-
density levels for the diazepam molecule.
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Figure 20.- Graphical representation of ASA MV DF calculated at four iso-
density Ievels for the mescaline molecule.
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Figure 21.- Graphical representation of ASA MV DF calculated at four iso-
density levels for the quinine molecule.
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Figure 22.- Graphical representation of ASA MV DF calculated at four iso-
density levels for the LSD molecule.
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This new kind of DF arises, using the relativistic idea of the effect of MV
DF. Once the definition of the KE DF is understood, it is assumed that the zones
on the molecule where the electrons achieve more KE, or more velocity, are the
ones located around the atoms. The next ones are the bond regions, with a
minimum located at the middle of the bond. Finally, the zones with less KE are
the most external ones.

According to the relativistic Breit Hamiltonian, the EH MV DF values are
more accused as the velocity of the involved object, in this case an electron,
increases. In this way, the zones where KE increases will present a high value of
MV variation, which will be mostly localised surrounding the atoms of the
molecule. Away from atomic centres, the value of MV DF decreases, and it turns
most similar to eDF due to the KE in these points is low and more homogeneous
in space.
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5.2 Comparative Visualisation of several molecular extended DF

In this section, it is intended to graphically show all molecular extended
DF presented into the preceeding sections. In this way, it is possible to follow the
variations of all DF and the inherent differences between them. The molecular
example, along Figures 23 to 25, has been o-D-Ribulose, a monosaccharide,
which is found in the photosynthetic carbon cycle of all green plants [98]. The
molecular geometry has been optimised using the AM1 Hamiltonian within the
Ampac program [99]. The plots are presented from three different points of views,
at seven isodensity levels in order to provide with a complete example of the
surface visualisation.

In the three tables shown the subtle differences between the structure of
the diverse DF surfaces can be appreciated.

6.Alternative Diagonal Representation of Extended
Wavefunctions.

After the previous discussion and following the presence of various DF
visualisation sets, still remains to be analysed the role of EH spaces in the possible
construction of a unique expression for the expectation value formalism. This
section will be devoted to develop this task and to present some of the
consequences of the underlying theory.

6.1.Energy.

There still is a point to be discussed: the calculation of energy expectation
values, within the EH space framework. This can be done, in practice, using Born-
Oppenheimer approximation, defining in this context an electronic Hamilton
operator, adopting some diagonal matrix structure and, in addition, supposing the

original scalar wavefunction l‘P, normalised:

H=Diag(V;iI)A ¥ ¥ =1= &= OH® =

‘ ‘ (17)
YV 4+ VYV =V + K.

In the diagonal Hamilton operator definition, V is the potential part and L, a unit
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Figure 23.- Comparative analysis of extended density functions over the Ribulose
molecule (front view) for several isodensity values.
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Figure 24.- Comparative analysis of extended density functions over the Ribulose
molecule (intermediate view) for several isodensity values.
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Figure 25.- Comparative analysis of extended density functions over the Ribulose
molecule (side view) for several isodensity values.
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matrix with the appropriate dimension. In any case, the KE inverse mass factors if
needed, could be supposed implicitly inserted into the gradient symbols *. This
result shows that the possible use of standard variational procedures is allowed,
even in the EH space .2 "(C) formalism.

However, this picture still has the problem discussed in Section 3.2:
corresponds to an integral of type (4), instead of having the statistical structure of
equation (1). [n order to arrive to a coherent statistical picture, associated to every
expectation value expression it is needed to work in an environment involving
diagonal matrices, used for both operators and wavefunctions.

There can be seen that, not only the Hamilton operator could be written as
a diagonal matrix, but the elements of the EH space too. It is only necessary to
take into account the isomorphism between the extended wavefunction form and a
diagonal structure, which can be defined employing a diagonal operator instead of
the vector one used in writing equation (11):

@ = BV < Diag(;V)W¥ = Diag(®;VWP).

Accordingly, the system energy in equation (17) can be also written from
this alternative point of view as a trace of a diagonal matrix:

&= OH® = Diag( YV ¥;, V¥ V¥ ),

where the symbol A , short for symbolising the diagonal matrix trace, is
constructed employing the more general Definition 6 of Appendix A.

However, within this diagonal matrix formalism the statistical form of
expectation values is preserved in any circumstance, at least when system’s
energy is sought. Indeed, if the extended function diagonal form is chosen, then
the following sequence of integral expressions can be easily written:

* Both, gradient and hamiltonian unit submatrix can be organised in various coherent ways. If the
gradient is presented as a sum of one-electron gradient terms, as usual, then the unit matrix is
(3x3) dimensional. If, on the other hand, the gradient is organised as some n-dimensional vector,
whose elements are made by one-clectron gradients, then, the unit matrix appearing in the
Hamilton operator shall be (nxn).
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# = ®HO = | Diag(¥';(V¥) )Diag(¥'; | 1)Diag(¥;(V¥)) dr =
[ Diag(v; : \)Diag(¥";(V¥) )Diag(¥:(V¥)) dr =
[ Diag(v;, \)Diag(¥ *; V¥ ) dr = [ Diag(v';1)Diag(p:x) dr =
[Htdr = | Diag(vp; x) dr = Diag([Vpdr;! [x dr)
Diag(V: x)=V + K .
Where, there has been used the commutative property of the diagonal matrices

product. A total density function has been represented by the symbol
t=Diag(p;K). Formally, the KE part, K, must be considered a diagonal

matrix, where the components of the square gradient elements are located, for
instance:

12
FRY
. .

i

V\I{2 =K = Diag

In this manner, the KE DF, as defined in section 3.2 above, can be generated as a
trace of the matrix K.

Such a coherent statistical picture is possible in the context of EH spaces,
due that the Hamilton operator no longer has the gradient in it, but the
corresponding momentum operator is embedded into the EH space wavefunction.
This interesting mathematical form may be related to the particular circumstances,
involving quantum mechanical position and momentum observables.

It can be concluded, if the DF role must be preserved, that the statistical
formalism of expectation values, represented by equation (1), has to be used in
classical quantum mechanics for stationary states, in every circumstance.
Furthermore, the following conditions must hold:

a) A computational environment shall be chosen. That is: The
Schrddinger equation has to be transformed into the corresponding
variational Rayleigh quotient.

b) A diagonal form of both observable operators and EH space
wavefunctions must be adopted.
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6.2.Virial Operators.

After the previous discussion, a virial related diagonal operator, T, can be
defined without problems, using the same procedure followed in the energy
expression. If the virial is fulfilled, then, the trace, 77, of the resulting diagonal

matrix product will be zero:

T = Diag(-V;I)= ®T® =
Diag(- YIV'¥; V¥ VY ) =
Diag(- V 2K ) =-V +2K =1.

This last result, the diagonal form of virial operator and its possible use cannot be
surprising, as both virial and energy variational procedures can be used to produce
optimised wavefunctions, see for a recent review reference [85].

Similar situations, involving diagonal matrix algebra, are encountered
when molecular discrete n-dimensional MO LCAQO spaces and operator

representations are studied. The formalism for these cases is discussed elsewhere
[49].
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6.3. Momentum and Extended Norm Operator.

One of the items, deliberately left not completely discussed in the present
work, consists in the structure of momentum operators at the light of EH spaces.
For finding out a computational energy expression it is not necessary that
momentum bear the customary imaginary factor, as can be seen from the
discussion in sections 3.1 to 3.3, and in section 6.1 above. Usually, in order that
momentum gradient operator, in atomic units, becomes hermitian it must be
multiplied by a factor, +i=# /-1. This peculiarity, omitting a mass factor,
appearing in the literature in the form: +iV or+i'V. That such an operator is
certainly hermitian, but not hermitian conjugate, has been elegantly proved by
Bohm [S]. In the present formalism, momentum operators may have a diagonal
representation. They can be formally written as a diagonal matrix: 0= Diag(l;V),
or as in the column vector form of section 3 above, if needed.

How to reconcile this diagonal or vector form without the presence of the
imaginary unit with the hermitian nature of momentum is a matter of
mathematical formalism. In the EH space framework, it is sufficient to consider
extended momentum operators, O, as elements of a Minkowsky space of
signature (1,3) [78]. Admitting this space structure, then the property: > =1—V?
is automatically fulfilled. Also, it is easy to consider the extended momentum
operator as a linear transformation:

0:.7 > 7",

as :
VWY e.Z =30 =¥ = Diag(¥;V¥)e ..

This last expression ensures the extended wavefunction norm as defined in
equation (13). The same relationships as in equation (10), can be obtained with the
following sequence, employing once more Green’s theorem:

8 = WY = WI-VI¥ =
WYY - Y VIW =1+ VRIVY =
1+2K.

One can consider in this way that the imaginary factor in front of the
gradient operator, which represents momentum in Quantum Mechanics, could
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correspond to an equivalent extended operator. In turn, such operator is
constructed by an element belonging to some four-dimensional Minkowsky
space-time, defined over the real field, M, (R). Choosing the canonical basis set
of the appropriate dimension: {e,;k = 0,3}, as the columns of a (4x4) unit

matrix, then the extended momentum operator can be written under this
convention in M, (R), as:

3
d=e,+i) e,
k=1

S Ox,

So, it is easy to show, that within these circumstances:

6.4. Dirac Equation in EH Space.

It has already been noted the resemblance of the classical Schrddinger
equation wavefunctions, when expressed in EH spaces, with relativistic spinors.
Dirac equation can be found in many sources, see for example references
{5,58,69,70,77,79,81-83]. It is well know how Dirac equation can be transformed
as well as the problems appearing when trying to solve it for large atomic and
molecular systems. Among all the possible transformations Dirac equation can
suffer, the one described in Messiah’s treatise [58] conforms the best to the EH
space formalism here discussed. Indeed, whenever the relativistic spinors, |y

are expressed as made of large, ¢ , and small, | y , components: 'y = ¢,y ,

then Dirac’s equation may be transformed into a new expression, rigorously
equivalent to the original one, which appears to be like:

1 | ‘ 1
o7 o)tV |g=We Ay = R
oy, Jomrer o -wo ax <[ ), Jo e
where the following auxiliary definitions are needed:
M=§(m+,u)/\,u=E—V/\W=E—m,

where m is the rest mass, 6 the Pauli matrix vector and 7 the momentum.
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The transformed equation has the appropriate structure to be further
transformed and manipulated into EH spaces. For this purpose, it is only
necessary to construct an extended wavefunction like:

¥ =lgfonl=106mn)¢, (18)

jointly with a Hamilton operator bearing the diagonal form:

H=Diag(V, 1 IJ.
2M

“

The self-evident resemblance to classical extended formalism is quite
interesting. Total relativistic wavefunctions can be obtained by using a diagonal
formalism. For this purpose, it must be used the diagonal operator:

1
S = Diag| 1, I,
g[ 2Mj

over the EH space wavefunction ', defined in equation (18).

7.Conclusions.

The extended Hilbert space wavefunction formalism discussed in this
work becomes a rich source of new concepts. Among others, it can be mentioned
the deduction of KE DF and several alternative DF, like the functions constructed
using Quadrupole or Angular Momentum operators. Such new DF forms are
based upon EH spaces, where initially the wavefunction and its gradient are taken
simultaneously into account. The new DF can be described and visualised too,
producing useful suggestive pictures of the molecular structure environment. It is
set in this manner a new source of DF able to be used in QO definition and, thus,
in QSM studies.

Moreover, the presented simple formalism leads towards a diagonal matrix
formulation of the energy and other expectation values in computational Quantum
Mechanics. The usual quantum mechanical formalism is not at all lost, but
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enhanced by this new point of view. Momentum and KE operators and its possible
manipulations appear as a natural consequence of the theory even at the
relativistic level. The eDF and KE DF became described within the same
theoretical level. Interesting computational and pedagogical benefits could appear
from this alternative point of view.

Appendix A. Definitions leading to Quantum Similarity
measures.

Definition 1: Tagged Sets.

Let us suppose known a given set , the Object Set, . and another set,
made of some chosen mathematical elements, which will be hereafter
called tags, forming a Tag Set, 7. A Tagged Set, .Z, can be constructed by
the ordered product : 2'=.x.7":

Z:{V@e,?j s eyAHIEY—»H:(S,t)}D

Definition 2: Quantum Object.

A Quantum Object can be defined as an element of a Tagged Set:
Quantum Systems in well-defined states are taken as the Object Set part
and the corresponding Density Functions constitute the Tag Set part. (J

A collection of Quantum Objects can be called a Quantum Object Set

(QOS).

Definition 3: Vector Semispace.

A Vector Semispace (VSS) over the PD real field R, is a Vector Space
(VS) with the vector sum part provided by a structure of abelian
semigroup. O

By an additive semigroup [86] it is understood here, an additive group
without the presence of reciprocal elements. All VSS elements can be seen
as directed towards the region of the positive axis hyperquadrant. It will
also be accepted that null elements are both included in the scalar field as
well as in the VSS structure.
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Definition 4: First Order eDF.

The ASA eDF could be trivially related with the first-order eDF form, as
expressed within MO theory, because the first-order MO eDF structure can
be defined by means of the linear combination:

p(r)= ZW,E(/’, (r)z- (A-1)

This MO eDF can be written in a general way, as a double sum of products
of function pairs, coupled with a set of matrix coefficients [87]. However,
a simple matrix diagonalization, followed by a unitary MO basis set
transformation, can revert DF to the formal expression in equation (A-1),
[54a),88]. The coefficient set: W = {W . } cR", interpreted as MO

occupation indices, corresponds to a collection of positive real numbers. A
unit norm convention has been adopted:

ﬁqzdr=1;Vi = J.p(r)dr:Zw,ﬂ(o,?zdr:Zw,:I, (A-2)

and this results in considering the coefficient set W={ w; }, as a discrete
probability distribution.

Definition 5: Convex Conditions.

By the term Convex Conditions it is understood:
%(W)E{WEZ(R+)A<W>: Zwi :1} (A'3)

The set of the vector elements, W = {Wi }, can be used instead in the
convex conditions symbol, that is:

/Gz”f({wi})s{w;wi eR’ AIZWi =1} (A-4)

Equations (A-3)and (A-4) can be considered the discrete counterparts of
the continuous convex conditions, defining a convex DF:
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7 (p)= {pe‘% (R‘)/\ fp(r)drzl } .0 (A-5)

Convex sets [89] play a leading role in optimisation problems. They have
been introduced to deal with some chemical problems [9a]. Elementary
Jacobi Rotations (EJR) [90] can be applied over a generating vector to
obtain optimal coefficients, while preserving convex conditions
[39¢,41,49,91].

Definition 6: Element sum of a (m xn) matrix A.

Known a (mxn) matrix A = {a } by the symbol A it is meant:

i

A :izn:ay.tl

=1 j=1
This symbol acts as a linear functional over matrix spaces.

Definition 7: General QSM.

A General QSM, G(Q), can be considered a PD multiple scalar product
defined by a contracted v-direct product of a QOS, .7 :

G(Q)é)? >R
K=l

This allows to mix v DF: {p,(r),/ = 1,v} of the QOS with » PD

operators, collected into a set: Q= {QK(r),K = l,a)}, belonging to the
same VSS, for example:

G(@)= f[f]l QK(r)}[I:[ P (r)}dr, (A-6)

where the co-ordinate vector, r, shall be taken here as a general position
vector. Thus, equations (1),(5), and (6) can be all of them considered as
diverse forms of QSM.

Equation (A-6), can be interpreted as a general way to define
generalised expectation values. A general picture of QSM was already
given and studied in references [31,41].
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Definition 8: Tagged Ensemble.

A Tagged Ensemble is a Tagged Set whose Object Set elements are
Tagged Sets. O

QSPR studies could be described as the way in which a relationship
is to be found between Objects and Tags defining the Tagged Ensemble.

Appendix B: Algorithms and Generating Rules.

Algorithm 1: Classical Quantum Mechanics.

1) Construction of the Hamilton operator, /7.

2) Computation of the state energy-wavefunction pairs,
{ &}, by solving Schrédinger equation: Z\W= &W.

3) Evaluation of the state DF, p =W 0

Definition 9: Continuous Generating Rule.

A generating rule can easily be written, summarising the three steps of
quantum mechanical Algorithm 1:

YW e .Z(C)>

2 (¥ - p)= .
(¥ =) p=¥'¥=¥"e#R")

(B-1)

In equation (B-1) are given explicitly the wavefunction Hilbert VS [75],
AAC), and the DF Vector Semispace (VSS), AR, see also Definition 3
in the appendix A.

Definition 10: Discrete Generating Rule.

Being W a PD real numerical set, it can be generated using a complex
coefficient set: X={x;}cC. A new set of coefficients can be obtained as:

w, =X, 2;Vi. Supposing defined a column vector with the elements of X:

x={Xi}, then the norm: <x | x>=x'x=1, corresponds to the last condition in
equation (A-2). For this purpose the following discrete generating rule can
be described, afier collecting the elements of the set W into a column
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vector w:

Vxe7,(C) > Iw={w, =xix, = x, ' Je 7R") (B-2)

K74 = 2
(x> w) AXXx=3xx =2 x| =lo>w=)w =1

Appendix C: Algebra of Diagonal Vector Spaces.

Compared with the Dirac’s bra-ket formalism, diagonal vector spaces,
except for the possibility to have their elements conjugated, lack of the dual space
distinction as bra-ket or row-column vectors have. A possible way to overcome
this situation is to construct bra-ket diagonal matrices with the aid of a set of
auxiliary matrices adopting the appropriate dimension. The following definition
will be useful.

Definition 11: Unity matrices.
A unity matrix, 1, is a (nxm) matrix whose elements
are entirely made of the scalar unit element: [l]y =1;Vi, ;.

Unity row or column n-dimensional vectors will be expressed by the
symbols: (1. and |1} respectively. O

Then, a bra-ket structure in diagonal spaces can be generated by multiplying a
given diagonal matrix by a unity matrix by the right or the left respectively. To
see this, it is only necessary to see, for example, that if D= Diag(d,), then the

matrix product: 1D, generates the matrix: (d, 1 ), while D1 = (a', 1 )

A tensorial product of two diagonal matrices can be obtained using the unity
matrix of the adequate dimension: D ® D =D1D = { dd, } .

Appendix D: Inward matrix Product.

A new simple matrix product can be defined, which appears very useful in
various matrix manipulations [92].
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Definition 12: /nward Matrix Product.

Consider any arbitrary (m x n)-dimensional matrix space over a field: M
xn)- Let A, B € Mm ). An inward product of the matrix pair is a closed
operation, resulting in a new matrix Pe My x n, and symbolised by:
P = A * B, whose elements are defined by the algorithm:

Vi, jip;=a,b; 0

It is a straightforward matter to generalise the inward product for
applications within hyper-matrix spaces.

The interest in defining such a matrix product stems from the possibility to
attach to it the most usual features of a multiplication composition rule. The
following properties can be attached to the inward product:

Letbe: A, B, C, ... € My« ny. Inward products defined over them are:

1) Distributive with respect matrix sum:

A*B+C)=A*B+A=*C.

2) Associative:

A*B*C=A*(B*C)=(A*B)*C.

3) Commutative:

A*B=B*A.

4) An Inward Unit Element exists, the unity matrix, 1, such that:
1*A=A*1=A.
A unity matrix can be defined as in Definition 11 of Appendix C.

5) Existence of an Inward Inverse:

Iff A={a;;} A Vij : aj; # 0; then A can be called inwardly inversible or
regular. A new matrix defines the inward inverse of a matrix A:

A= {ag”}, with elements, which are computed as follows:
Vi, j: aL.q] = (alij Tl . This definition produces the sequence of equalities:
AxAlT = Al A =1,
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Appendix E: DF Surface Visualisation Details.

A) Computational Details.

After a molecule has been chosen, and its atomic co-ordinates have been
determined, the corresponding density function is constructed according to the
promolecular ASA approach. This procedure involves fitting each atom with 1S
gaussian functions [93] to the respective ab initio density function. Here, the
density functions of the presented molecules have been built using 7 functions to
fit hydrogen atoms, 8 functions to fit carbon and 9 functions to fit nitrogen and
oxygen.

B) Image Construction.

When the density function of the involved molecule is known, the surface
representation is made by the following steps: a) A grid, large enough to envelop
the molecule, is defined. At each grid point the value of the desired DF
representation is calculated and stored. b) When all grid points are calculated,
after choosing the desired isodensity value, the wireframe model of the surface is
created, by using the Marching Cubes Algorithm, described below. ¢) The
resulting output file is then imported by GiD program [94], which is able to plot
and render the model.

C) Marching Cubes Algorithm (MCA).

MCA is used to render isosurfaces in volumetric data [95,96]. The basic
MCA notion consists in defining a voxel. A voxel is considered as the set made by
the sequence of pixel values found at the eight cube vertices. If one or more pixels
of a cube have values less than a user-specified isovalue, and one or more have
values greater than this value, it is considered that the voxel must contribute to an
isosurface component. By determining which edges of the cube are intersected by
the isosurface, triangular patches can be created. Such triangles divide the cube
between regions within the isosurface and regions outside. By connecting the
patches from all cubes on the isosurface boundary, a surface representation is
obtained. A Fortran 90 program version of MCA is available, it can be
downloaded from a www site [100].
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A general theory of extended two-particle Green’s func-
tions constructed from orthonormal extended states is presented.
Three types of fermionic propagators are considered that al-
low the description of a wide range of two-particle processes in
non-relativistic many-body systems: the extended particie-hole,
particle-particle, and hole-hole Green'’s functions. Each member
of the considered class of two-particle propagators fulfils a Dyson
equation and defines a well-behaved two-particle self energy in
analogy to the single-particle Green'’s function of traditional many-
body theory. Besides presenting a general formalism for the unified
treatment of the different extended two-particle Green’s functions
we discuss several formal properties on the example of the ex-
tended particle-hole Green'’s function. Particular emphasis is also
given to the significance of the static part of the two-particle self
energies because it carries the leading terms in perturbation theo-
retic approximations. A physical interpretation of the static part
of the particle-particle self energy, which serves as an exact opti-
cal potential for two-particle scattering, is given for the example
of Coulomb-interacting fermions. In analogy the particle-hole self
energy can be understood as a scattering potential for particle-hole

projectiles.
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I. INTRODUCTION

Effective or optical potentials have proven to be a powerful tool for inves-
tigating excitations of single-particle nature in many-body systems. These in-
clude ionisation (or knockout reactions), attachment, and single-particle scat-
tering. Besides the phenomenological approaches there have been numerous
theoretical derivations of physically equivalent, yet mathematically distinct
single-particle potentials. The basic, unifying idea behind all optical poten-
tials is that in a many-body system with a great number of degrees of freedom
the motion of a single (or very few) particles can be described by a single- (or
few-) particle Schrodinger equation while an effective or optical potential takes
account of influences by the motion of the remaining particles. Especially the
potential derived by Feshbach projection [1-3], on the one hand, in contrast to
the self energy or mass operator of the single-particle Green’s function [4-6],
on the other hand, have seen wide applications in the fields of nuclear, atomic,
and molecular physics. There have also been comparative investigations of
the properties of these and other possible approaches from the practical [7]
and the more formal point of view [8,9], respectively. The advantages of the
Green’s functions approach over the other competitors in the field are mani-
fold. We want to mention especially the fact, that the single-particle Green’s
function can be seen as the resolvent of an effective Hamiltonian in the com-
plete single-particle Hilbert space, regardless whether the many-body system
is fully correlated or not. This is important since it allows a perturbation
theoretical expansion of the effective Hamiltonian which is constituted by the
single-particle kinetic energy and the self energy. Effective Hamiltonians of
the Feshbach type, however, may only be defined restricted to subspaces of
the single-particle Hilbert space in the case of non or only partially interact-
ing systems and are thus not directly amenable to a perturbation theoretical
treatment [8].

Looking at two-particle type excitations, some features of the theory of
single-particle processes remain the same whereas others change. By two-
particle type excitations we mean double-attachment and scattering by com-
pound projectiles, on the one hand, but also particle-number conserving (neu-
tral) excitations of the particle-hole type like excitons and collective vibrations
of nuclei, on the other hand. Also two-particle removal processes can be treated
by a similar formalism. One of the difficulties that arise in the theoretical de-
scription is that the fundamental two-particle Green’s functions do not fulfil
Dyson’s equation but instead are governed by the much more complicated
Bethe-Salpeter equation. Thus there is no direct access to an optical poten-
tial in the usual sense and using the Bethe-Salpeter kernel instead gives rise to
many problems since it depends on three independent time or energy variables.
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Recently, however, we succeeded in defining an extended particle-particle
Green’s function that fulfils a Dyson equation [10]. We could also show that
the extended propagator possesses a well-behaved self energy that serves as
an optical potential for scattering with two-particle projectiles. In the present
work we will present a more general ansatz that leads to a manifold of effective
two-particle Hamiltonians and corresponding Green’s functions. The formal
ansatz we use will also show clearly the underlying concepts that lead to a well-
behaved Dyson equation. We will develop a theoretical framework that allows
to treat three different types of extended Green’s functions on the same foot-
ing, which will allow for the description of two-particle, two-hole, and particle-
hole type excitations. It is interesting to note, that the suggested extended
particle-hole Green'’s functions contain the (standard) polarisation propagator
[11] and thus it is possible to derive the well-known random-phase approxi-
mation (RPA) as a special approximation to the particle-hole self energy. In
general, however, approximations to the extended Green's functions lead to
non-standard schemes. The same is also true for the extended two-particle
and two-hole Green’s functions, which contain the common particle-particle
propagator [11].

We also want to mention that a Dyson-equation approach for propagators
like the polarisation and the particle-particle propagator has been formulated
and used to derive a self-consistent extension of the RPA, also called cluster-
Hartree-Fock approximation, that has been applied in the fields of plasma
and nuclear physics [12-14]. This formalism, however, has similar problems
like Feshbach’s theory and does not yield a universal, well-behaved optical
potential because the two-particle space has to be restricted in order to make
the approach well-defined [14].

The main goal of this paper is the construction of two-particle propagators
that fulfil a Dyson equation in the unrestricted two-particle space. The reasons
for being interested in a Dyson equation are manifold:

e First of all the Dyson equation defines an optical potential and the con-
cept of an optical potential as a physical entity is an intuitively appealing
concept. We already mentioned the advantages of Green’s function opti-
cal potentials over Feshbach-type optical potentials. One major technical
advantage of using optical potentials in numerical calculations is that the
scattering problem can be separated from the many-body problem and
the latter can be treated using bound-state techniques. However, also in
purely bound state applications like the calculation of ionisation or exci-
tation energies, the concept of an optical potential remains advantageous.
When the self energy is approximated within a given scheme and then
the Dyson equation utilised to construct the propagator, the “scattering
problem” is solved exactly and the only approximation has been made
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in the potential. Speaking in terms of perturbation theory, this idea
manifests itself in the fact that Dyson’s equation produces diagrams of
infinite order for the propagator even if the self energy is only approx-
imated to finite order. When instead also the “scattering problem” is
solved only to a given order, an additional error is introduced. And it
is a well-known fact in atomic and molecular physics that Mgller-Plesset
perturbation theory [15] performs very badly on excited states although
it is the most direct (even size-consistent) way to approximate excita-
tion energies in a perturbation theoretic framework. It has even been
shown that the Mgller-Plesset perturbation series may diverge in numer-
ical calculations on single-determinant dominated atomic and molecular
systems if extended basis sets are used [16).

e Also the case of one-particle Hamiltonians deserves particular attention.
When the Hamiltonian of the system is a one-particle operator, i. e. no
two-body forces are present but only external or mean fields, the self
energy of the single-particle Green’s function becomes an energy inde-
pendent, first order quantity [11,10] (We will show that the same is true
for the extended two-particle Green’s function we are going to construct).
Thus the first order approximation to the self energy is already the exact
solution. Approximating instead the propagator directly, i. e. without
using Dyson’s equation, the perturbation expansion extends to infinite
order (unless, of course, a diagonalising single-particle basis is chosen).

e Another point that we derive from experience in numerical calculations
is that the static diagrams in the Feynman-Dyson series for the single-
particle Green’s function [11] generally do not give a well-converging
perturbation series. They have to be renormalised. A much better ap-
proximation for the static self energy results by calculating it from the
dynamic part of the self energy as described, e. g., in Ref. [17]. When
approximating the particle propagator directly, this way of renormalising
the static diagrams is not accessible. Using well-adapted algorithms [18],
also the numerical evaluation of the self energy is not slower than the
direct approximation of the propagator, since the same number of matrix
elements has to be calculated. None the less, successful approximation
schemes for bound state properties to the one-particle Green’s function
that avoid Dyson’s equation have been reported in the literature (see,
e. g. [19,20] and references cited therein).

e In a recent publication [21], we have shown that already the simplest
approximation to the self energy of the extended particle-hole propaga-
tor yields a well-behaved, hermitian approximation scheme that removes
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drawbacks of the RPA, which derives from the traditional polarisation
propagator. A perturbation theoretical analysis as well as a simple model
case could show that higher order corrections to the excitation energies
deriving from ground state correlation are consistently taken into account
in the first order self energy in contrast to non-Dyson approximations like
the Tamm-Dancoff approximation (TDA) [11] or the RPA.

This paper is organised as follows: A rigorous and formal introduction
into the basic formalism used throughout this paper is given in Chapter II
The reader who is not so much interested in the formal aspects of the theory
may skip this Chapter in first reading. In the rest of the paper many of the
concepts are explained in a less rigorous fashion and references to the formal
definitions are given. In Chapter IIT we define the three different types of ex-
tended two-particle Green’s functions. We derive Dyson’s equation and define
the self energies for these propagators in an analogous way to Ref. [10], but in
a generalised formalism. Chapter IV is devoted to the formal properties of the
extended propagators, focusing on the example of the extended particle-hole
Green’s function. We will mainly be concerned with the consequences of the
introduction of “unphysical” components in the extended Green’s functions
necessary to fulfil Dyson’s equation (Sec. IV A-IVB). In Sec. IV C the general
analytic structure of the extended particle-hole Green's function for complex
arguments is discussed before defining the extended Green’s functions for real
arguments in Sec. IV D. Properties of the self energy are discussed in Chapter
V. We show two simple approximations for the particle-hole self energy that
lead to approximation schemes for excitation energies and transition moments
of finite Fermi systems. In Chapter VI we adopt a different point of view by
viewing the static self energy as a scattering potential in a system of fermions
interacting by Coulomb force. For the sake of comparison, we briefly review
the Green’s function’s and Feshbach’s optical potentials for single-particle scat-
tering in Sec. VI A before looking at the explicit expressions for the static two-
particle and particle-hole self energy (Sec. VIB and VIC). Appendix A gives
a definition of an abstract Hilbert space introduced in Chapter II and the two
Appendices B and C contain formulas for the static self energy discussed in
Chapter VI

II. BASIC FORMALISM

Many of the algebraic properties of the single-particle Green’s function,
in particular Dyson’s equation, are transferable to two-particle propagators if
they are constructed starting from an orthonormal set of “primary” states. In
this paper we will construct propagators G(w) with the help of the “extended
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states” | A, B) defined in this Section. The peculiar property of these states is
that they are “orthonormal” if A and B are chosen canonical particle creation
or destruction operators. The extended Green's functions can then be defined
in the following way:

1
w-H

The round brackets indicate the so-called p-product which is a generalisation of
the usual Hilbert space inner product with an indefinite metric. The “extended
operator” H takes the role of an excitation energy operator which lives, like
the extended states | A, B), in an “extended Hilbert space” Y. These objects
will be defined rigorously in this chapter in a very formal manner. In first
reading these formal definitions may well be skipped.

The abstract formalism introduced in this chapter builds the fundament of
the theory of extended two-particle Green’s functions. Our approach is very
general in order to allow for a unified treatment of the different species of
extended Green'’s functions discussed in the main part of this paper. Since the
discussed propagators can be applied to a wide variety of physical situations,
the emphasis of this chapter lies on the unifying mathematical structure. The
formalism is developed simultaneously for (projectile) particles of fermionic
and bosonic character. We will define the general extended states which serve
to define the primary or “model” space of the extended Green’s functions. We
also define the p-product under which the previously defined extended states
fulfil peculiar orthonormality conditions. Finally we introduce a canonical
extension of common Fock-space operators and super-operators to the space
of the extended states.

G(w) = (A, B {A', B').

A. Extended States

Definition Let |¢)) and |¢) be normalised many-particle states, i. e.
elements of the physical Fock space with (¢|¢) = (pjp) = 1, and let Q =
1— |) (x| denote the orthogonal projector onto the complement of { |¢)}. For
linear Fock-space operators A and B we define the extended state | A, B) by
the vector

o

_ P

[AB) = | (plAe W BF (@l Bo WA | (1)
Alp)® (| BF Blo) @ (9| A

where the upper sign is appropriate for operators A and B with fermionic
character and the lower sign for operators of bosonic character.
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Properties
e The extended state | A, B) is linear in A and B.

o If the operators A and B anti-commute (commute) the extended state
| A, B) is anti-symmetric (symmetric) under permutation of A and B:

IAvB)::FlB,A) if [AvB]:t:O (2)

The square bracket [., .]. denotes the usual anti-commutator (commu-
tator). Again, the upper (lower) sign applies in the fermionic (bosonic)
case.

e An inner product for extended states can be constructed by the following
rules which are the canonic rules for direct sums and tensor product
states [22] (c. {. Ref. [10]). For a direct sum the inner products of the
components add:

(fa1) ((51)) = e ore g

Here, the second component was chosen a “bra” state. This is understood
as the particular element of the dual space to the corresponding space
for “kets” according to the Riesz theorem [22].

For tensor product states the inner products of the components multiply:
(14)® |B), |C) ® |D)) = (A|C)(B|D). (4)

Examples involving the extended states (1) will be given later [Eq. (10)].

e The extended states | A, B) are elements of a Hilbert space denoted by Y
that is constructed by direct sums and tensor products from the compo-
nent spaces and possesses the inner product introduced above. Strictly
speaking, the extended states | A, B) can be elements of a Hilbert space
only if all components have finite norm, like usual in quantum mechan-
ics. In the following example we define the Hilbert space Y relevant for
the extended particle-hole Green’s function. For the other propagators,
the appropriate space Y can be constructed in a completely analogous
manner. A convenient formal definition of Y for the general case is given
in App. A. It is important to realise that the space Y is in general not
isomorphic to any subspace of the fermion or boson Fock-space. This is
because the tensor products in the third and fourth component in (1) do
not fulfil the symmetry requirements of the Pauli principle.
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Example Choosing both reference states |¢) and |¢) equal to the N
particle ground state |¥{) of a fermionic system, the definition of the
so-called extended particle-hole states becomes

Qala, |T1)

(03] ala,Q
(5ol & (U 0y — (W0, @ (W(a} | )
ot 183 ®© (| ay — 0, |92 @ (U] o}

Iala as) =

These are elements of a Hilbert space Y which is the direct sum of four
subspaces related to the four entries of the above defined column vector.
The first component Qafa, |[TY) is element of of the physical N fermion
Hilbert space HY (excluding the ground state due to Q) and can be
understood as an approximate particle-hole type excitation. The second
entry (| ala,Q is a “bra” state and thus an element of the dual space
HN* of the N particle space. This second entry can also be seen as
an approximate excited state but the “hole” and “particle” role of the
indices r and s has interchanged. Each of the remaining two entries is the
direct sum of tensor product states of “bras” or “kets” in the N —1 and
N +1 particle Hilbert spaces, e. g. (¥¥|al @ (TY|a, € HV-D* @ HIN+D*
. For the present example, the full composite space Y is consequently
described by

Y = HV e HN* ® H(N—l)* ® H(N+1)* D H(N+1)* ® H(N—l)*
@ H(N+1) ® H(N+1)* @ H(N—l) ® H(N_l)*. (6)

The construction of a basis of this space by sums and products of Slater
determinantal basis sets of the component spaces is trivial. Obviously
the dimension of the composite Hilbert space Y is considerably enlarged
in comparison with the physical N particle space HY, which contains
all particle-number conserving excitations. The expression (6), however,
only allows a rather rough estimate of the actual dimension of the rele-
vant space for which it gives an upper bound. The minimal space needed
is certainly smaller because symmetries may reduce the relevant spaces
drastically. E. g. the fact that both reference states were chosen equal in
Eq. (5) allows to replace the third component of the extended states by
V2(¥Y| ol @ (T} | a,, which spares the component H¥ D" @ HN D" from
the direct sum constituting the space Y in Eq. (6). Also symmetries of
the physical system may lead to a reduced dimensionality. For an exact
but non-constructive definition of the minimal space needed, we again
refer the reader to App. A.
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A possible way to construct a basis for the Hilbert space Y may also
be the definition of operator sets A and B, such that the set of states
{|A,B)| A € A, B ¢ B} span the Hilbert space Y. In the context of
traditional one- and two-particle propagators of many-body theory, such
complete operator manifolds have been found [23] and used for deriving
approximation schemes (see e. g. [24] and references cited therein). In
the present context, however, such a construction seems difficult because
of the complicated nature of the extended states | A, B). It is certainly
an interesting open question whether a convenient construction can be
found.

o Linear operators on the space Y are, in general, 4 x 4 matrices of opera-
tors. In this paper, however, we will restrict ourselves to diagonal matrix
operators that do not mix the different components of the space Y. Such
a diagonal matrix operator O is determined by specifying the operators
O; that act in the different component spaces of Y. We denote

0 = diag(01,02,03,04). (7)

In a dual space the operator acts “from the right”. E. g. for the second
component we have

[014,B)], = (v 4BQO,. (®)

Note that there is no canonic way to define the application of a general
Fock-space operator to an element of the space Y. We will see later how
to construct so-called extended operators that operate in the space Y
from Fock-space operators.

B. The p-product

The inner product (scalar product) (., .) in the Hilbert space Y follows
from the canonical rules for inner products of direct sums and tensor products
of Hilbert spaces like mentioned above. We use common Dirac notation for
matrix elements (Y| O|Z) of an operator O and vectors |Y) and |Z) in the
Hilbert space Y.

Definition The p-product between two states |Y), [Z) € Y is given
by the matrix element (Y|p|Z) where u = diag(1,—1,1,%1) is called the
metric operator. Again, here and in the following, the upper sign refers to the
fermionic case and the lower to the bosonic case. For extended states of the
form (1) we introduce the following shorthand notation for the y-product:
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(4,B|C,D)=(|A,B), u|C, D)), 9)
Properties

e Note that the metric operator 4 commutes with all diagonal operators
in the space Y.

e The “metric” induced by the u-product is indefinite which means that
(Y| p|Y) need not be positive but can also be negative or zero even if
|Y') is not the null-vector.

o The p-product of the extended states | A, B) and | C, D) evaluates (by
the canonic rules discussed above) to

(A,B|C,D) = (3| [B'A",CD]._ )
+(p| [C, Al+ @) (¥| DB ) + (| [D, B]4 |) (0| CA' |¢)
+(p| [C, By |0} (¥| DA [9) + (| [D, Al |9} (| CBY [9). (-

This expression simplifies further in the case when the anti-commutators
(commutators) of any pair of the operators Af, Bt C,and D simply are
complex numbers:

(4,B|C,D) = [A",C|.[B", D]+ ¥ [A!, D]¢[B, Cl.. (11)

Note that this result is independent of the states |¢) and |¢).

Example Let a! (a,) denote the creation (destruction) operator for a
single fermion and let the canonical anti-commutation relations be fulfilled
([al,as]s = 6,5, etc.). We then find that the extended states |al,a,) are
“normalised” and “orthogonal” with respect to the u-product:

(af,as|al, ap) = 8,pibsg. (12)

Definition A set of states { |Y7)}; C Y is called y-orthonormal if

Yl ulYy) = 61, (13)
where the sign is left indeterminate (in the fermionic as well as in the bosonic
case).

Notes

e A p-orthonormal set of states is necessarily linear independent.
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e A countable set of linearly independent states {|¥;)}; with p-norm
other than zero can in general be p-orthonormalised following the Gram-
Schmidt construction procedure.

e Throughout the paper we are using both the p-product notation indi-
cated by round brackets and common Dirac notation of the inner product
indicated by angular brackets like usual. While the p-product notation
in particular allows for an elegant handling of super-operator expansions,
the foremost advantage of the Dirac notation is to stress the Hilbert space
nature of the formalism which allows for an intuitive understanding of
basis set expansions and matrix representations.

C. Super-operators

The specification “super-operator” is common in quantum chemical and
physical literature for linear mappings of Fock-space operators. It is very
helpful to transfer this concept to the extended states | A, B) and define the
application of super-operators by the action on the operators A and B. We will
see later how this definition helps for a compact notation of iterated equations
of motion and perturbation expansions. In certain cases, however, the action of
a super-operator is fully equivalent to the action of an operator in the Hilbert
space Y. The alternative concept of Y-space operators allows to introduce
approximations by finite basis set representations of operators in a well-defined
and lucid way.

We will only use super-operators constructed in the following way:

Definition Given a Fock-space operator U, we define U by the linear
mapping of an operator A onto the commutator of U with A:

U(A4) = U, A]-. (14)

We call U the super-operator associated with the operator U. The
application of the super-operator U to the extended state | A, B) (for arbitrary
operators A and B) is defined as follows:
U|A,B) = |U(A), B) +| A, U(B))
= |[U, A, B) + | A,[U, B].). (15)

Example Let a!) be a fermionic operator as above and let v = i vijaz a;
be a one-particle operator. Then

(al, Ag "i)l al;, as/) = 'Urr’5s.s’ - Us's(srr’ (16)
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describes a matrix element that is determined only by the operator v and the

single-particle basis while it is independent of the states |¢) and |¢).
Properties If the states |¢) and |g) are eigenstates of the self-adjoint

operator U with respective eigenvalues uy and u, then applying the super-

operator U is equivalent to applying the diagonal operator
U = diag(U ~ ug,uy — U, uy ~U@14uy — 10U, U1 — 1y +uy — 10 U).
(17)

We illustrate the statement U] A, B) = U| A, B) by looking at the second
component where

[U14,B)], = (¥ ABQ(uy — U) = ($| UABQ — (3| ABQU
= (9| [U, ABIQ = [U] A, B)], (18)

holds because @) commutes with U.

Definition We call U the extended operator associated with the
self-adjoint (Fock-space) operator U.
Notes

e The symbols " and ” are understood as operations that map a Fock-space
operator onto the corresponding super-operator and Y-space operator,
respectively.

e A Y-space operator corresponding to the super-operator U generally ex-
ists only if |[¢) and |p) are eigenstates of the operator U and not for
operators without this property.

e The operations " and ~ are linear in the sense that if the operator U is a
linear combination of Fock-space operators V and W

U=aV + bW (19)
with complex numbers a and b then
U=aV +bW (20)

holds for the associated super-operators. If further |¢) and |¢) are
eigenstates of V and W then also

U=aV +bW (21)

holds for the associated extended operators.
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e It is easily seen that the extended operator U associated with a self-
adjoint operator U is also self-adjoint:

(| A, B),ull| C, D)) = (U] A, B), 4| C, D)). (22)

The same “holds” for the super-operator associated with a self-adjoint
operator.

III. EFFECTIVE TWO-PARTICLE DESCRIPTION WITH
ORTHONORMAL STATES

In the preceding section a self-contained introduction to the abstract for-
malism related to the extended states and the p-product with rigorous defini-
tions has been given but many properties will also be explained in the text.
In this chapter we will show how a Dyson equation can be derived and a
self energy defined upon the extended two-particle Green’s functions. This
derivation has already been shown in Ref. [10] for the example of the ex-
tended particle-particle Green’s function. It is repeated here for the sake of
self-containedness and also because the present formalism is more general in-
cluding different types of fermionic two-particle Green’s functions as well as
bosonic two-particle Green’s functions. Reviewing the derivation of Dyson’s
equation in the abstract formalism also shows clearly the underlying concepts.

A. Extended two-particle Green’s functions

The particular choice of the operators A and B used for constructing the
extended states | A, B) define the nature of the propagator while the choice of
the Hamiltonian and the reference state |¢) contained in the definition (1),
define the physical system under investigation. In the following we will discuss
three cases of Green’s functions which are very similar from the formal point
of view but allow for the description of different physical situations.

(a) The extended particle-hole Green’s function is defined by

1
G (w) = (al, as | ~|al., ay), (23)
’ w-—H

and contains information related to particle-number conserving excita-
tions and linear response properties. It is constructed with the states
[Y,PM) = | al, a,) which we call extended particle-hole states.
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(b) The extended particle-particle Green’s function is defined by

1
G (W) = (o}, al |——|al.,al)), (24)
w—H

and may be used for describing two-particle attachment or scattering pro-
cesses. It is constructed using the extended particle-particle states
Y #P)) = |al, al).

(¢} The extended hole-hole Green’s function is defined by

1
G (W) = (ar, @y | ——| @, ay), (25)
’ w—H

and allows the description of two-particle removal processes like atomic or
molecular Auger decay. The corresponding extended hole-hole states
are |Y"M) = | a,, a;).

Here, the operators o and @, denote canonical fermionic single-particle cre-
ation and destruction operators, respectively. We are not going to dicuss
bosonic two-particle Green’s functions here further but most of the discussion
in this chapter applies to bosons as well.

A preliminary justification for the classification given for the Green’s func-
tions and extended states is provided by the fact that the first or physical
component of the defining vector of the extended state | A, B) is related to
the state AB|y) [see definition (1)]. In this paper we will choose the ref-
erence state |¢) to describe the exact ground state |¥)') of an interacting
N-fermion system. The physical component of the extended states |Y, M),
|V P)), and |Y, (")} therefore describes states with N, N + 2, and N — 2 par-
ticles, respectively. The remaining components of the extended state | A, B)
relate to different physical situations and we will classify them as unphysi-
cal components. They should be regarded as useful additives for achieving
the particular algebraic properties presented in the following. Their nature
and their importance upon approximate solutions will be discussed in later
chapters.

The set of states {|Y;s)}, where the indices r and s are both taken from
the full set of single-particle indices, will be called primary set of states
which spans the so-called model space. For each of the three choices this
set of states is p-orthonormal (in the sense of Sec. IIB) since the following
orthonormality relations hold:

(al,a, laly, agt) = Gppidygr, (26)
(al,al|al,al) = (ar, 0| @y, a0) = Gprisgt — BrgiBrr. (27)
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These relations follow directly from the formal property (11) of the extended
states | A, B).

Note that these equations can also be written without resuming to the u-
product notation indicated by the round brackets. Instead one can use common
Dirac notation of the inner product in the Hilbert space Y which is indicated
by the use of angular brackets like usual. In this case the metric operator
(defined in Sec. IIB) appears explicitly and, e.g., Eq. (26) becomes

(Yo v PRy = 5 46,0, (28)

In the following we will use both notations because each has its own advantages.

In the orthonormality relations (26) and (27), a difference occurs between
the particle-hole case (a), on the one hand, and the cases of two-particle at-
tachment (b) or removal (c), on the other hand. In the latter case Eq. (27)
shows antisymmetry upon interchanging the single-particle indices r and s or
r" and s’. The antisymmetry with respect to the interchange of single-particle
labels applies to the extended states |Y,??)) and |Y,(*") as well (as shown in
Sec. ITA). As a consequence, the primary set of states {|Y;,)} for the choices
(b) and (c) spans a model space which is isomorphous to the antisymmetrised
Hilbert space of two indistinguishable fermions. In the particle-hole case (a),
however, the symmetry is broken and the primary set {|Y;%*")} now spans a
model space which is isomorphous to the physical space of two distinguishable
particles.

The primary states |Y;,) as defined above are elements of an extended
Hilbert space Y. This point has been discussed in Sec. II where special atten-
tion is given to the choice (a) as an example. Within the space Y, the role of a
generalised excitation energy operator is taken by the extended operator
H associated with the common Fock-space Hamiltonian H of the system as
defined in Sec. IIC. Indeed, Eq. (17) shows that the operator H acts on the
physical component of the states |Y;,) as H — EY, where E}’ is the energy
eigenvalue of the N-particle ground state |¥Y) of the system. Therefore H
can be said to measure the energy of the system relative to the N-particle
ground state energy.

The extended two-particle propagators can now be understood as projec-
tions of the resolvent of the excitation energy operator H onto the primary
states |Y,,). Without specifying the particular choice [(a), (b), or (c)] we may
define the general extended two-particle Green’s function G(w) as a func-
tion of the frequency variable w and a matrix with two-particle indices (rs) by
the matrix elements

U
grs,r’s’ w) = (Yoo ——=|Yra). 29
(@) = (Yl L= 1¥o0) (29)
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This definition has before been written in the equivalent notation involving
the p-product for each case separately.

B. Dyson equation and self energy

We will now derive a Dyson equation by expressing the inverse matrix of the
extended two-particle Green'’s function G, .y (w) by a matrix representation of
the extended operator H. We already mentioned that the primary set of states
{|Yss)} spans a subspace (the model space) of the Hilbert space Y. Since the
states {|Y;,)} are p~orthonormal they are also linearly independent and thus
form a basis of this subspace. Here and in the following the set of pairs of single-
particle indices (7, s) has to be restricted to r > s for the pp and hh cases (b)
and (c) where the states |Y;,) are antisymmetric under permutation of  and s.
No restriction applies in the ph case (a). The primary set of states {|¥;,)} can
now be extended to a complete basis { |@,)} D {|Y;s)} of the Hilbert space Y.
We may further demand that the states |Q;) are y-orthonormal:

(Qrl 11Qs) = £b15. (30)

As a consequence of the indefinite nature of the metric u, basis states with
negative norm appear. We now define the diagonal overlap matrix u by

[g]” =(Qrl 11Qy), (31)

and the basis set representation H of the extended operator H with the matrix
elements

[Q]U = (Qrl pH Q). (32)

A block structure is imposed onto H by the division of the basis { |Q,)} into
the primary set of states {|Y;s)} and the rest:

= (gaa —ﬂ—ab> (33)

gba gbl)

li

The primary block H_, in particular, is just the part of the matrix represen-
tation of the operator H that corresponds to the states {|Y,)}:

= (Yool |Yire). (34)

[—-00] rs,r's’

Now the extended Green’s function G(w) can be expressed as the “upper
left corner” of an inverse matrix:
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1
= . 5
g = g ()
This equation expresses the fact that the extended Green’s function G(w) is
the projection of an operator resolvent onto a set of g-orthonormal states [10].
Note that the matrix H is hermitian if the Hamiltonian H of the many-body
system is hermitian (which is assumed throughout this paper). By matrix
partitioning we can write for the inverse of the Green’s function

()] = w1~ A, - ngﬁ‘l_?im' (36)
Spp b

This equation is the main result of the present considerations. In order to
define the two-particle self energy S(w) and for establishing the connection to
the familiar form of Dyson’s equation we adopt a perturbation theoretical view
where a convenient single-particle description (e. g. the Hartree-Fock approxi-
mation) defines the zeroth order. We will see later that the coupling blocks H ,
and H, vanish in a single-particle approximation. Consequently the extended
Green’s function is the proper resolvent of the zeroth order primary block gﬁ?

which can be understood as an operator in the physical two-particle space:

g(ﬂ)(w) b (37)

- wl—ﬂ(o).

Introducing the two-particle self energy

Sw) =H,~HY +H,—— —H (38)

Eq. (36) can be rewritten into

1
= ) 39
9= S p s (39)
Rearranged it takes on the familiar form of a Dyson equation:
G(w) = GOw) + gV (w)S(w)G(w)- (40)

C. Static and dynamic self energy

The self energy S(w) has a similar analytic structure to the common self
energy [25,26] of the single-particle Green’s function [11] in having single poles
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and branch cuts on the real axis corresponding to the eigenvalue spectrum of
the block H,,. For high energies w (far outside the eigenvalue spectrum of the
Hamiltonian) the self energy S(w) has a finite limit. It is called the static self
energy S(oo) and consists of the higher-order contributions to the primary

block gaa:

S(o0) = H

—aa

-5 )

This equation yields a closed expression for the static self energy. The physical
significance is to account for interactions and exchange phenomena between
the two test particles (or holes) and the (static) particle density of isolated N-
particle system. Also the additional (unphysical) components of the extended
states take some effect here as well. The discussion of the static self energy
and its physical significance will be the main objective of the rest of this paper.

The remaining w-dependent part of the self energy is called dynamic self
energy M(w):

1

M(w) = 8() = 8(00) = Ky —5 M, (42)
Spp =0

This part takes account for dynamic correlation between the test particles and
the finite system and is necessary for the complete description of two particle
excitation processes. Of course, also here the unphysical components of the
extended states enter.

Adopting the three choices for the extended states |Y;,) from the beginning
of this Chapter, we get three different types of two-particle self energies. Before
we will concentrate on discussing in how far these self energies are useful for
an effective two-particle description of diverse many-body phenomena in the
remaining Chapters of this paper, we will briefly touch an alternative formal
approach.

D. Super-operator expansions

So far we have used the picture of operators like H and i, acting on states
like |Y;,) and |Q) in the Hilbert space Y. For developing perturbation the-
oretic expansions, however, it is useful to use the complementary concept of
super-operators acting on Fock-space operators as defined in Sec. IIC. Us-
ing the super-operator H, the definition for the extended particle-hole Green’s
function of Eq. (23) can be written as

1
g(ph) (w) = (al, Qs | H‘ aL, as’)' (43)

rs,r's’
w —
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The “superoperator resolvent” w—_% is defined by the usual series expansion

and the application of H on the extended states IaI,, ay) has been defined by
Eq. (15). Perturbation expansions of the super-operator resolvent in combina-
tion with perturbation expansions of the reference states give easy access to
perturbation expansions of the Green’s function and the self energy. In the case
of the single-particle Green’s function this has been carried out explicitly by
Kutzelnigg and Mukherjee [27]. They could show that the common Feynman-
Dyson perturbation expansion can be obtained in this manner without using
Wick’s theorem. They also gave appropriate perturbation expansions for multi-
determinantal zeroth order reference states. Their techniques can be applied
to the extended Green's functions in an analogous manner. The justification
for the expansions cannot be given in the same way as in Ref. [27] because the
mathematical concepts they use for the eigenvalue spectra of super-operators
cannot be directly transferred to the extended two particle Green’s functions.
Instead one would have to use the equivalence between the super-operator H
and the extended operator H (see Sec. IIC). Here we do not want to elabo-
rate this point further because the main goal of this paper does not lie in the
development of perturbation theoretic expansions.

We will now continue with discussing some properties including the pole
structure and a first order approximation to the self energy for the case of
the extended particle-hole Green’s function. Previously we have treated the
particle-particle Green’s function for which the self energy is an exact optical
potential of elastic two-particle scattering [10]. In the last Chapter of this
paper we will then concentrate on the physical interpretation of the static self
energy as a scattering potential in the particle-particle and the particle-hole
case.

IV. FORMAL PROPERTIES OF THE EXTENDED PROPAGATORS

We now want to discuss several formal properties of the extended states,
the Green’s functions, and the self energies that were defined in the preceding
section by Eqgs. (23) — (25) and (38). In particular, we consider the meaning
of the components of the extended states and the consequences the extensions
have for degeneracies of the extended states and the analytic structure of the
Green’s functions. We also discuss two simple first-order approximations to
the self energy. In order to be definite, we restrict ourselves to the particle-
hole case [choice (a) of Sec. III] in this chapter although most of the features
considered appear in an analogous fashion for the other cases as well. Several
properties of the extended particle-particle Green’s function and its self energy
have already been discussed in Ref. [10].
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We consider a fairly general system of indistinguishable fermions interacting
by two-body forces and possibly with static external fields. In order to allow
perturbation theory, we split the Hamiltonian H into two parts as usual: H =
H, + H;. The one-particle operator H, = ¥ ;¢; a}a,— defines the zeroth order
of perturbation theory and is characterised by the diagonalising single-particle
basis { |¢;)} and single-particle energies {¢;}. The residual interaction H; =
v + V generally contains contributions of a one-particle operator v and the
two-body interaction V:

v = E Vij aza]-, (44)
i,j
1 o1
V= 5 Z ‘/ijkl aiajalak. (45)
3,7,k

When using the Mgller-Plesset partitioning of the Hamiltonian, the zeroth
order Hamiltonian H, is defined by the Hartree-Fock approximation. For a
nondegenerate ground state the matrix elements v;; of the one-particle part of
the interaction in Eq. (44) are then given by

vyt = = 2 neVingn (46)
k

Here Viy(ris) = Visrsr — Vissrp denotes the anti-symmetrised matrix element of
the two-body interaction and n, is the occupation number of the orbital |p,)
in the zeroth order ground state Slater determinant |®}).

A. Extended particle-hole states

The extended states |Y,%?M) that appear in the definition of the extended
particle-hole Green’s function G&") (w) of Eq. (23) are given by

r8,r's!

Qalas |\IJ€’>

<\I’(1)V| alasQ
(plal ® (TY]as — (p|as ® (¥Y|al |’
al o) ® (¥ | a, — a, |p) @ (¥§'|af

VP = |al,a,) = (47)

where the choice of the Fock-space vector |p) is arbitrary for the general
algebra of the last section. For the following discussion of formal properties
it is not very important either. We will discuss the freedom of choice for the
secondary reference states |¢) in Sec. VIB. The operator @ is a projector that
projects onto the orthogonal complement of the primary reference state |¥}).

The first component Qala, [¥Y) of the extended particle-hole state |Y;(PP)
determines the physical situations that we want to describe namely particle
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number conserving excitations of the system. The other components are only
necessary to fulfil the orthonormality relation (26) that was crucial for the
derivation of Dyson’s equation in Sec. IIIB. The p-orthonormality of the
extended states is peculiar in two respects: firstly, because it extends over
the full index space of two independent single-particle indices and secondly
because it holds completely independent of the reference states [¥Y') and |¢).
Thus the orthonormality persists through all orders of perturbation theory.

In order to understand how orthonormality is achieved it is useful to take
a look at the zeroth order of the extended particle-hole states where the role
of the single components can easily be understood:

QOala, |BY) «— ph

(@) | ata, QO +— hp
(@0 |al @ (27| as — (B)|a; ® (8| al |« hp
al |®7) ® (B¢ | a, —GSIQ’(I)V>®<(I){JVIGI < pp, hh

Y,y ) = (48)

On the right a classification of the contributing entries is given which refers
to the character of the single particle indices. We classify an index = as a
particle index (p) if it refers to a single particle orbital ¢,(z) which is vacant
(virtual) in the Slater determinant |®)). Conversely a hole index (k) labels
an occupied orbital in |®Y). Accordingly the first component of |Y,P*))() in
Eq. (48) is classified ph because it contributes only if » is a particle and s is
a hole index. Correspondingly the second and third component vanish if the
index pair (r, s) is of another type than hp, and so on.

We can now interpret the role of the components of the extended state
[V} in the following way: According to the orthonormality relation (28),
the extended states have always the p-norm 1. Since the first (and physical)
component contributes in zeroth order only for ph index pairs, the other com-
ponents (the extensions) have to take over in the remaining cases. The second
component of the extended state of Eq. (47) or Eq. (48) is a kind of symmetric
partner of the first component (which is also present in the polarisation prop-
agator of traditional many-body theory). On its own, it leads to a negative
contribution to the y-product (¥,@)|u|Y, ¥

o )} because the metric x introduces
a minus sign for the second component:

0 0

-10
1 (49)
0

=

It
oo O
= O OO

0
0
The third component of the extended state |Y, (") then takes the part of over-
compensating this contribution, securing a positive “u-norm”. This means
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that two components contribute for hp index pairs. Consequently there exist
also linear independent partners to the Y-states |Y,?")) with negative y-norm.
We will see later that these states, which we call K-states, are in zeroth-order
degenerate to the Y-states and contribute to the dynamic part of the self
energy. The fourth component of the primary states |Y,?") contributes in the
remaining cases of pp and hh index pairs and contains tensor product states
like the third component does.

At first sight it may seem strange to have an indefinite metric, on the
one hand, and overcompensation of the negative contributions by the third
component, on the other hand. The reason for this peculiar mechanism to
achieve the orthonormality relation (28) independent of the reference states
is that the contribution of the first component of the extended state |Y,*))
to the p-product (Y,Ph)| /AlYffZ”} contains a two-particle density of the ground
state

(To'| ala,Qalay [¥5) = (¥4 | alaraliay [T5) ~ (T3] ala, [T)(TY] aliay [TF).
(50)

The second component gives rise to another two-particle density that is
subtracted due to the minus sign in the metric, yielding the commutator
[ala,, al,as/] = agalb + a,ai,éss/. Thus the two-particle densities are re-
duced to single-particle densities that are compensated for by the third and
fourth component.

B. The generalised excitation energy operator H

The operator H appears in the definitions of the extended Green’s func-
tions Grs s (w) in Eq. (29) and the matrix H in Eq. (32) that builds the self
energy S(w). For a simple single-component propagator, its place is usually
taken by the difference of the common (Fock-space) Hamiltonian H of the
system with the ground state energy Ej'. This operator measures the excita-
tion energy with respect to the N-particle ground state |¥}'). The operator
H, which will be called the extended operator associated to H or generalised
excitation energy operator, presents a suitable generalisation for the extended
Green’s functions. Since the extended Green’s functions derive from the four-
component states |Y;,), the operator H is a 4 x 4 matrix. For the particle-hole
Green’s function, the proper choice is, according to Eq. (17), given by

H-EN 0 00

) 0 0
H = 0 0 Aol (51)
0 B
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with

A=E,-H®l+E) —1®H, (52)
B=H®1-E,+E}) -1®H. (53)

Here, E,, is the eigenvalue of the Hamiltonian H that belongs to the reference
state |¢). We will characterise the operator H explicitly by its eigenstates and
eigenvalues at the end of this subsection.

The matrix element of H that acts on the first and physical component of
the extended states |Y},) indeed measures the excitation energy. The partic-
ular choice of the other components can best be motivated by the derivation
via the super-operator H of Sec. IIC. The super-operator associated to the
Hamiltonian operator H is denoted by H and acts on the extended states by
giving the commutator of the Hamiltonian with the canonic operators a} and
a,:

Hlal,a,) = |[H, af]-,a,) +|a},[H, a]-). (54)

Under the condition that the reference state |¢) is an eigenstate of the Hamil-
tonian H, the super-operator H can be replaced by the associated extended
operator denoted by H and given by Eq. (51):

I;T| al,a,) = fI|aI,a,). (55)

While the concept of the (Hilbert space) operator H has the advantage of
giving the possibility to interpret H of Eq. (32) as a matrix representation
of a common operator, the equivalent formulation with the super-operator
H is an appealing alternative concept. Not only does it present a simple
and unified way to define a generalisation of excitation energy operator for
all families of extended Green’s functions covered in this paper, but it also
simplifies perturbation theoretic expansions. Super-operator expansions have
also been a popular tool for deriving approximation schemes in traditional
propagator theory for many decades [28,29]. The practical advantage emerges
in the present context when the Hamiltonian is split into zeroth order and
interaction parts

ﬁlalvas):ﬁ0|aiaas)+ﬁllai,as)7 (56)

because the first term is very simple to evaluate regardless of approximations
or particular choices for the reference states |¥9') and |p) in Eq. (47):

Hy| al,a,) = (e, — ;) | al, ay). (57)
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The difference of single particle energies £, — €, appears here as a kind of
“eigenvalue”. As a first step towards a physical interpretation of the states
|Y%Ph)y = |al a,) one can thus say that the index r has something to do with
a test particle and s with a test hole that are probing the system. Without
interaction the test particles move freely and are correctly characterised by the
difference of single-particle energies €, — ¢,.

Equation (57) holds for arbitrary reference states but becomes a proper
eigenvalue equation when taking the Slater determinant |®{') as the reference
state in Eq. (47), which means that the extended state |Y,#") = |af, a,) is
replaced by its zeroth order |Y,P")(® of Eq. (48). In this case the super-
operator Hj can be replaced by its corresponding extended operator HO (c. L.
Sec. ITC) which is the zeroth order of the operator H:

HOWEO = (6 = ) Y9, (58)

In fact, the zeroth order extended states are eigenstates of the zeroth order
excitation energy operator. Note that in contrast to the super-operator H, the
perturbation expansion of the extended operator H contributes in all orders
because the ground state energy EJ is a general function of the interaction
strength.

Finally we want to give the explicit diagonal representation of the extended
operator H in the form

}VI = qu |Q><ql ’ (59)

thereby characterising its eigenvectors |g) and eigenvalues wy. Assuming no
degeneracies between the physically distinct component spaces, the eigenvec-
tors of H are single-component states in the 4-component Y-space, as can be
seen from Egs. (51) to (53). Thus the projectors |g)(g| onto the eigenstates
are proportional to the 4 x 4 projection matrices P, where all elements are
zero except for the element in the ith row and the zth column, which is one.
For example

0000
0000
Z=lo010 (60)
0000
Choosing for the secondary reference state |¢) = |¥Y), we can now write

Eq. (59) explicitly as

7= EY - (189w )R,

v
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—

LYE - BN )( )z,

+ 38 ~ BY T = EY (U @ (u ) (1) e [T )P

=3
Kp

+{Z<E5f“ ~ B e () (e e )

BN BN (e ey ) (Y @ 1w )}24 (61)

Here, we generalised the notation |g){g| for a projection operator onto the

— — .
“ket” state |g) to ( lg) )( {q] ) because not all of the eigenstates of H are
ket vectors but some are bra vectors (p| or tensor product states (p| ® {q| . Of
course, it is also possible to project onto tensor product states like (p] ® {q].
We use arrows in our notation for this projection operator

P=(blod)(Ipe)

in order to indicate the relevant directions for forming inner products. In the
present example, operating P on a product state {a| ® (b] yields

P({al ®(0]) = (alp)(ble)({p| ® (4]),

which is again a product state proportional to {p| ® {¢|. The inner products
(alp){blg) here form the proportionality constant.

The sums in Eq. (61) always run over the complete sets of eigenvectors of
the corresponding Hilbert spaces. The sums over v, in particular, run over
all exact states with N particles, 1 and A lable the N 4+ 1, and s and o the
N — 1 particle states. As already mentioned in the discussion of the Hilbert
space Y of Eq. (6), symmetry considerations may reduce the number of states
that actually couple to the primary states. Along with a reduced Hilbert space
Y, then also less terms are needed in the diagonal representation (61) of the
extended operator H.

The eigenvalue spectrum of the extended operator H contained in Eq. (61)
determines the pole structure of the extended Green’s function and will be
discussed in the following paragraph.

C. The analytic structure of the extended particle-hole Green’s function

The analytic structure of the particle-hole Green’s function G*"(w) as a
function of the complex variable w is governed by single poles and branch cuts
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at the eigenvalue spectrum of the generalised excitation energy operator H.
This can be seen easily by inserting the (Y-space) complete set of eigenvectors
|g) of this operator with eigenvalues w, into the definition of G PR) () [Eq. (29)
or (23)):

ph) _ Z r;"h)iq)mq<q| >
rsr s - W — wq

(62)
q
Here, mg = &1 are the eigenvalues of the metric operator .

The eigenvectors |g) and eigenvalues w, corresponding to the four compo-
nents of the Hilbert space Y have already been listed explicitly in Eq. (61) for
l¢) = |¥) and assuming finite basis Hilbert spaces. In general, the eigenvalue
spectrum w, leads by Eq. (62) to single poles and branch cuts of the extended
Green’s function. The overlaps (q\Y,(,’Z’)> may vanish, however, when due to
symmetry properties the components of |Y,?") decouple from classes of exci-
tations of a given particle number. In this case the corresponding eigenvalues
do not appear in the pole structure of the Green’s function.

Im 00A
a) component |
Re ®
b) component 2
—_— N -
Re ®
¢) components 3 and 4
Re

FIG. 1. Sketch of the pole structure of the extended particle-hole Green’s function
G(w) in the complex omega plane. Crosses correspond to single poles and thick lines
to branch cuts. Part a) shows the poles corresponding to the first component of
the extended states |Yr(f h)), which are given by the physical excitation energies of
the system. Since excitations from the ground state are considered, all energies
are non-negative. The start of the branch cut marks the threshold for ionisation
of a particle. Part b} shows the poles and cuts that are introduced by the second
component. They are the same as for the first component, mirrored at the imaginary
axis. The contributions of the third and fourth component are shown in part ¢). In
general they yield a cut along the whole real axis.
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Figure 1 shows a schematic plot of the eigenvalue spectrum of H and there-
fore the pole structure of G®P"(w) for the first, second, and the additional
components. The eigenvalues w, that derive from the physical, first compo-
nent of H are the exact (discrete and continuous) excitation energies EYN - Ef
of the N particle system under study. Since E}¥ is the ground state energy,
these energies are positive or possibly zero in the case of a degenerate ground
state. There are usually some discrete eigenvalues corresponding to bound ex-
cited states but above the threshold energy for ionisation of one particle, the
excitation spectrum is continuous. The second component of H mirrors the
excitation spectrum of the first component to negative values. The parts of the
spectrum that are contributed by the additional third and fourth component
of the extended operator H are more difficult to interpret. Through these com-
ponents, the eigenvalue spectrum of the N + 1 and the N — 1 particle system
are introduced as can be seen from Eq. (61). In particular the 4th component
of H introduces the energy differences (EN+! — EY*Y) and (EN-' — EN-).
Since the spectrum of the Hamiltonian H in N + 1-particle systems will gener-
ally be unbounded from above showing a continuous spectrum at the top end,
we may conclude that the spectrum of the last component of the generalised
excitation energy operator H comprises the full real axis. This can already be
seen in zeroth order where the primary states |Y,?%}() have the eigenvalues
€, — €. Since r and s can be chosen to denote virtual or scattering orbitals
with arbitrary, positive energy, the difference ¢, — ¢, can adopt any real value.

D. The extended Green’s function for real arguments

In order to define the extended Green’s function G(w) for real arguments,

the branch cuts introduced by the eigenvalue spectrum of H have to be moved
away from the real axis. Commonly this is achieved by introducing a positive
infinitesimal n with the option of performing the limit n — 0% after all formal
manipulations. In this way a retarded or advanced extended Green’s
function may be defined by G(F + in) where E now serves as a real energy
variable. The concept of retarded or advanced Green’s functions is tradition-
ally associated with the properties of the Fourier transforms into time space
representation. The Fourier transform from the variable F to t can be per-
formed by using the residue theorem and yields a time space function which
contributes only for ¢ > 0 or ¢t < 0 according to the sign of 5 [11].

The formal definition (29) of the extended Green’s function implies a sum
of propagators according to the different components of the extended state’s
vector. The terms introduced by the product states can be transformed into
convolutions of single-particle propagators if we resort to real energies. For
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the retarded version of the extended particle-hole Green’s function gﬁ’; ,)3 (w)
defined by Eq. (23) we get:

G (B +in) =TI, (B +in) — 1?2, .(E + in)
1

+;{(90|0LE “E AT o) * (T’ |as'mal 1o
Ty aye E—Eﬁ—? a, [¥g)) * (¢l a”ﬁ;iH—maz o)
Holo g g 10+ (e g et )

HO ol g e W) Gl g g 9] (@)

The asterisk * denotes convolution with respect to E defined by

£B)+g(B) = o [ dBS(E)g(E — ). (64

3

The particle-hole part l'I,s s (w) and the hole-particle part I'I,s g (w) of the
well-known polarisation propagator [11] are defined by

h Q

Hfsrs( ) <\D{)V|ala‘f‘ H+EN r'a8 I\I’N> (65)
h Q

I3 e (@) = (¥ | apae -—py—prasar [75). (66)

Another possibility for defining the Green’s functions for real energies is
to distribute different in’s or different signs for in among the components of
the propagator. This is, e. g., the case for the so-called time-ordered Green’s
functions of traditional many-body theory [11]. In our formalism, this can
be achieved by adding ins with the chosen sign to each component of the
generalised excitation energy operator H of Eq. (51). This has the effect that
the eigenvalue spectrum of the different components of this operator is shifted
into the complex plane and consequently the argument w of the extended
Green’s function may be chosen real. In the extended particle-particle Green’s
function of reference [10], e. g., we have chosen the signs of i such that the
physical (in this case pp) component carries a positive sign while all others carry
negative signs. For the Fourier transformed time space function this has the
consequence that for positive times only the physical component contributes
which allows the correct description of scattering processes.

So far we have discussed the pole structure of the extended particle-hole
Green'’s function, which is given by the eigenvalue spectrum of the generalised
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excitation energy operator H. The self energy formally has a similar ana-
lytic structure to the extended Green’s function but poles and cuts appear at
different energies. The connection between the pole structure of the Green’s
function and its self energy is, of course, established by Dyson’s equation (39).
Before discussing the energy dependence of the self energy, however, we first
want to consider the lowest order approximation to the self energy in which it
represents a static, energy independent quantity.

V. PROPERTIES OF THE SELF ENERGY

According to Eq. (42) the extended self energy can be written as the sum of
a uniquely determined static, energy independent part S(oco) and the so-called
dynamic part M(w):

S(w) = §(00) + M(w). (67)

While the dynamic part is of second order, the static self energy S(oo) con-
tributes in first order. For brevity we will discuss only the particle-hole self
energy in this chapter. In contrast to the single-particle Green’s function where
the first order of the self energy upon Hartree-Fock vanishes, the first order
of the particle-hole self energy yields an interesting, nontrivial model for the
extended particle-hole Green’s function.

After looking at the static self energy part and its special role for one-
particle potentials, we will briefly touch upon the meaning and the structure of
the dynamic particle-hole self energy part. In the following we will then discuss
the first order of the static part as the simplest non-trivial approximation to
the particle-hole self energy in more detail. The rest of this chapter is devoted
to another simple approximation of the self energy where additionally to the
first order of the static self energy, also part of the dynamic self energy is taken
into account, which leads to the RPA approximation.

A. The static part

According to Egs. (41) and (34) the static self energy S(oo) is given by the
primary block H__ of the matrix 4 of Eq. (33) minus its zeroth order part. An
explicit expression can be found with the help of the super-operator formalism
and using the definition of the extended states (47):

= (a},a,|H|d}, ;)

= <\II(I)VI [a‘zar’ [Hv al’as’H I‘Iltl)v>

[—a——a] rsyls!
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+ol {[H, al] , ar} [0)()] aval [¥7)
+‘5rr’<‘1/(1)\]| [H’ ay) al |‘I’év>
+(U'| [H, al] ar |95)d0s

(T aal [TV o] {[H, ax] , al} |p). (68)

For the one-particle part Hy + v of the Hamiltonian H = Hy + v + V this
expression yields a very simple result:

( y O |H0 + 'Ul Qpey @ g) = rr’(sss’(Er - 53) + Urr’éss’ - 'Us’sarr" (69)

In the special case of systems without real two-body potentials V', where
only interactions with external potentials or mean fields are considered, this is
the exact solution for the primary block H_ , which determines the self energy.
Since the dynamic self energy vanishes in this case, as will be shown shortly,
the self energy is energy independent and given by

Srsr’s’ = Upp! 635’ - Us’s(srr“ (70>

Note that this exact solution for the self energy is of first order and completely
independent of the many-body system’s ground state |¥Y) or the secondary
reference state ). The matrix A of Eq. (69) can obviously be diagonalised
by an appropriate choice of single-particle orbitals and then takes the form of
the zeroth order part 8,,/0,, (¢, —€,). Thus the self energy of Eq. (70) describes
particle-hole excitations in a system of independent particles. The unphysical
components present in the extended states |Y,P")) here serve to circumvent
Pauli’s exclusion principle because Egs. (69) and (70) allow excitations from
any orbital to any other orbital, regardless of their occupation in the many-
body state |¥2'). The same behaviour with respect to one-particle Hamilto-
nians of the self energy becoming an energy-independent, first-order quantity
and the lifting of the Pauli principle is also shown by the other extended two-
particle Green’s functions and the traditional single-particle Green’s function.!
The reason for this behaviour can be traced back to two features of the present
theory: the construction from orthonormal states and the fact that the excita-
tion energy operator His equivalent to the super-operator H, which leads to
commutators. This can be seen when considering that the assoc1ated super-
operator A to a general single-particle operator A = E,]a a;A;; maps the
primary states |Y,?®)) onto linear combinations of primary states:

LThe case of the extended particle-particle Green’s function in comparison with the
single-particle Green’s function has already been discussed in Ref. [10]
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Ay Py = |[A, of]_,a,) + |}, (4, a,]-)
= ST (Ankbat — A1) [YEM). (71)
kl

Thus, the overlaps with basis states of the orthogonal complement of the pri-
mary set |Q;) € {|Y,P"))}+ vanish:

(Qi WAIYEW) =0, (72)

and so do the off-diagonal blocks H , and H, . In the case of a single-particle
Hamiltonian, thus, the self energy indeed is purely static and yields the ex-
act energy eigenvalues of particle-hole type excitations while higher excitation
classes like two-particle-two-hole excitations decouple completely.

In the more general case of a correlated system, the dynamic self energy
does not vanish and thus the eigenvalues of the primary block H  are generally
not the exact excitation energies.

B. The dynamic particle-hole self energy

The dynamic self energy M(w) as a function of the complex energy variable
w has an analytic structure which is very similar to that of the extended Green’s
function G{w) discussed earlier (Sec. IV C). We have defined the self energy by
matrix partitioning of the matrix H of Eq. (33) which yields the expression (42)
for the dynamic part. From this formula it can be seen that the dynamic self
energy has single poles or branch cuts where the denominator of (42) becomes
singular:

det(wp, — H,) =0. (73)

By introducing a similarity transformation which simultaneously diagonalises
the matrices L, and H,,, Eq. (42) can be cast into the form of Eq. (62). The
difference is that the poles and cuts of the Green's function G(w) appear at
the generalised eigenvalues of the whole matrix H while the pole structure of
the self energy is given by the generalised eigenvalues of the block H,, only.
The relation to the eigenvalue spectra of the block H,, and the full matrix A
depends much on the coupling blocks # , and H, = g‘fl b

In the limiting case of vanishing coupling H , = 0, the eigenvalue spectrum
of H,, is a subset of the spectrum of H. At the same time, however, the
dynamic self energy part vanishes and the self energy becomes w-independent.
This happens, e. g. if the Hamiltonian is a single-particle operator and does
not contain true two-particle forces but only external forces or mean fields as
discussed in the last paragraph.
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In the more general case of a fully correlated system all higher excitations
couple. If the coupling is weak enough, however, the diagonal zeroth order of
the matrix A may give a good guess for the poles of the self energy. Of course,
the coupling affects the poles by eventually lifting degeneracies and shifting
the poles like discussed in the case of the single-particle Green’s function in
reference [25]. Similar to the full extended Green’s function G(w), physical
as well as unphysical poles appear. Like before, the physical poles caused by
excited states of the system appear at positive energies. They lie above a
threshold energy where double excitation (2p-2h) becomes possible. Another
threshold for double excitation into the continuum indicates the lower border
of the physical branch cut of the dynamic self energy. The dynamic self energy
also contains diverse poles and cuts originating in the unphysical component of
the extended state vectors (47). In particular the so-called K-states that will
be discussed in the next paragraph give rise to poles of the dynamic self energy
which are in zeroth order degenerate to eigenvalues of the primary block H .
This, however, concerns only the negative energy part of the spectrum. The ex-
istence of the degenerate K-states can be traced back to the degeneracy of the
second and third component — both unphysical — of the extended states |Y;#"))
in Eq. (48). L. e., these two degenerate unphysical components are mixed in
the zeroth order Y-states. Taking the K-states into account additionally to
the primary Y-states, leads to a minimal extension of the primary block H_,
which allows the degenerate components to decouple. Interestingly the first or-
der Hartree-Fock based approximation to this extended primary block Q_Z’:(l)
yields the well known RPA. We will show this by presenting a universal unitary
transformation which transforms the extended eigenvalue problem to the RPA
after discussing the first-order approximation to the static self energy.

At this point we would briefly like to mention that the self energy S(w) of
Eq. (38) is fully specified by the Dyson equation (39) or (40) only for energies
w where the Green’s function G(w) can be inverted. Capuzzi and Mahaux
have shown for the case of the single-particle Green's function that the self en-
ergy can be modified at isolated zeros of the Green’s function and still satisfy
the Dyson equation [9]. These modifications may be used to tailor dispersion
relations for the self energy parts, however, they do not have physical impli-
cations. The arguments of Ref. [9] apply also to the extended two-particle
Green’s functions.

C. The zeroth-order degenerate states ]Kc(,pnh))

We are now going to discuss one example of states that lie outside the model
space of the primary Y-states. These states, called K-states, play a special
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role because they are in zeroth order degenerate with states of the primary
space and also couple to the primary space in first order. The remaining
states outside the primary space are generally not degenerate to the Y-states
although accidental degeneracies may still occur.

We already remarked earlier that for a particular index pair (r,s) only
certain components of the zeroth order states |Y,P*))(® of Eq. (48) contribute
according to the classification of the indices as p or h. For hp indices two com-
ponents of the extended states contribute at the same time and naturally have
the same (zeroth order) energies because the extended states are zeroth order
eigenstates of the excitation energy operator. Therefore a linear independent,
degenerate combination of the two components exits. A suitable choice for
these states is given by

0
V2(®] | alan
5 (@] ol ® (@) | an — (B} |an ® (@) |al,) |
0

KEY) = (74)

where the indices o and n stand for occupied (h) and virtual (p) orbitals,
respectively. It is readily verified that the states |K(®M) fulfil the following
orthonormality relations (with «, o’ occupied, n,n' virtual, and r and s arbi-
trary):

<K<ph>|u|y<ph>><° (Y Ou | KED) = 0, (75)
(G 1 |KER)) = G (76)

The states |K(P") are obviously elements of the composite Hilbert space Y
but they lie outside of the (zeroth order) primary space spanned by the states
{|]Y,Ph)}@} Thus the “degenerate states” {|K®")} (which we also call K-
states) contribute to the dynamic, w-dependent part M(w) of the self energy
S(w) of Eq. (42) whereas the primary states {|Y,?")} define the static self
energy part S(oo).

The zeroth order degeneracy of K and Y-states is lifted in the spectral
representation of the fully interacting Green’s function. The exact eigenstates
decouple to yield N-particle states in the second component and tensor prod-
ucts of N —1 and N + 1-particle states in the third component. We will come
back to discuss the meaning of the degenerate states |K®") in connection
with the lowest order of the static self energy S{o0) in Sec. V.

Apart from the K-states there are other zeroth-order states outside the
primary space that couple to Y-states. These are made up from higher ex-
citations of the components of the zeroth-order Y-states of Eq. (48). E. g.,
there are states with a two-particle-two-hole configuration al o}, amaq |[®Y) in
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the first or in the second component, states with a tensor product of a two-
hole—one-particle with a particle configuration in the third component, etc. All
these states contribute in second order to the dynamic self energy and higher
excitations contribute in higher orders to the self energy, like it is the case for
the single-particle Green’s function.

For completeness we would like to remark that the K-states can also be
written as extended states of the form | A, B) according to definition (1). For
convenience we introduce the particle number operator NP = ¥, aIa,- and
define m = (NOP — N)% + 1, where N is the number of particles in the state
|UY). Then the K-states can be written as |[K®) = v/2|af,, a,m™)©.

D. First order self energy

The first order of the particle-hole self energy is readily obtained from the
expression (68) by replacing the reference states |¥{’) and |¢) by their zeroth
orders |®Y) and |p{®), respectively, and by considering the interaction part
H, of the associated super-operator H. We obtain

[H(l)

—aa ] rs,r's! (

a,|Hilaf,,d)) (77)

1oy el
)= 1o(®)

In a recent publication we have investigated this first order approximation
to the particle-hole self energy for the choice |¢) = |[¥}) for the reference
state |@) and starting from a Hartree-Fock zeroth order [21]. This particular
approximation to the particle-hole self energy is referred to as First Order
Static Excitation Potential (FOSEP). In terms of the matrix elements of
the Hamiltonian the FOSEP approximation of the primary block H__ reads

= (5r - Es) 5rr’5ss’

+Vrssr] (s — N7l (g — Npflg). (78)

[ ﬂFOSEP]
—aa rs,;rls!

Here, n, denotes the occupation number of the orbital with index 7 in the
ground state Slater determinant |®{'), while 7, = 1—n, is the anti-occupation
number. The eigenvalues of this hermitian matrix yield approximations for
the excitation energies of the system under study while the eigenvectors can
be used to approximate transition moments. Since the FOSEP approximation
has been studied in detail in reference [21], we will only summarise the most
important properties in this paragraph.

The matrix that has to be diagonalised _ﬂ_jSSEP has the dimension of the
primary space like discussed in Chapter IIL. It is labelled by pairs of indices
which comprise the full set of single-particle orbitals each. Like it has been
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done before, the index pairs can be classified as hh, ph, Ap, and pp with respect
to the occupation of the orbitals in the ground state Slater determinant |®}).
This classification superposes a four by four block structure to the matrix
HFOSEP Tt can be seen easily from Eq. (78) that the hh-hh and the pp-pp

—aa

blocks are diagonal and decouple form the rest:

* 000\ < hh

rosep] _ | 0 * * 0 | < ph
[‘i‘m ]_ 00| «hp’ (79)

000 %/ «<pp

Since the zeroth order extended states |al,a,)® of Eq. (48) that are used
as basis give physical contributions only in the ph part of the index space,
the decoupled hh and pp blocks do not have to be considered and a matrix
eigenvalue problem comprising the ph and hp blocks remains:

&FOSEPE_ =wz, (80)
with MFOSEP — EFOSEP (81)
== =aa

ph and hp blocks

The resulting eigenvectors have to be classified into so-called physical and
unphysical eigenvectors according to the association with the zeroth order
ph or hp states. Usually the physical eigenvalues are positive and well separated
from the negative, unphysical ones.

The FOSEP approximation has to be compared with two other well-known
first order approximation schemes, the Tamm-Dancoff approximation (TDA)
[11,30] and the random phase approximation (RPA) [31,32,11,30]. The TDA
leads to a hermitian eigenvalue problem of half the dimension of FOSEP. In
fact the upper left (ph-ph) block of the FOSEP matrix M FOSEP ¢oincides with
the matrix that is diagonalised in the TDA. In this respect FOSEP can be seen
as an extension of the TDA. The same holds for the RPA which has the same
matrix size as FOSEP but poses a non-hermitian eigenvalue problem. Thus
instabilities, which are avoided in FOSEP, can occur in the RPA and lead to
complex eigenvalues.

The TDA for excitation energies yields the difference between the ener-
gies of the Hartree-Fock ground state and excited states which are correlated
by single-excitation configuration interaction (SCI). A perturbation theoret-
ical analysis shows that the TDA energies are consistent in first order with
Rayleigh-Schrédinger perturbation theory and contain part of the second or-
der correlation of the excited states [33]. FOSEP also shows these features and
additionally takes into account part of the second order ground state correla-
tion while the RPA proves inconsistent by containing second order ground state
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correlation with the wrong sign. From the second order analysis it can thus be
concluded that the FOSEP energies will generally lie above the TDA energies
due to consideration of ground state correlation while the RPA energies will
be lower.

These findings are also supported by the results of a simple, exactly solvable
model (Hubbard model for Hy) where the ground state is correlated while the
singly excited states are not [21]. For this model, the RPA yields bad results
collapsing to complex eigenvalues for certain choices of the model parameters
while the FOSEP approximation even gives the exact excitation energies.

Some numerical tests on small molecules have been performed by F. Taran-
telli [34], which also support the perturbation theoretical results. While in most
cases FOSEP yields comparable results to the RPA, there are examples, like
the lowest (triplet) excitation energy of Ethylene (C,Hy), where the RPA fails
by one order of magnitude while FOSEP yields a reasonable approximation of
the experimental value improving considerably upon the TDA. This situation
resembles the results on the earlier mentioned Hubbard model of H,.

The FOSEP method can also be used to calculate approximate transi-
tion moments. For a given transition operator T, the transition moment
(U| T |WYY is defined by the matrix element of T between the exact ex-
cited state |¥,,) and the ground state |¥}). Analysing this approximation by
perturbation theory shows that the FOSEP approximation yields a consistent
first-order description. So does the RPA while the TDA transition moments
only describe the zeroth order correctly. One point that is often brought up
in favour of the RPA is that it exactly preserves the equivalence of the length
and the velocity forms of the transition moments of the dipole operator. It
is indeed an unusual feature for a perturbation theory based approximation
scheme to preserve this equivalence because it is not fulfilled in the Hartree-
Fock approximation, which defines the zeroth order. Introducing the usual
perturbation parameter in the Hamiltonian by H = Hy+ AH;, we see that the
perturbation expansion for the difference A,, between the length and the ve-
locity forms does not vanish identically as a function of A but only disappears
for A = 1. The FOSEP approximation consistently describes this behaviour
through first order and a discrepancy to the exact function A, (A} of second
order remains. The RPA to the function A,,()) is in principle of the same
first order quality but possesses the peculiar property to vanish exactly for
A = 1 when the transition moments are computed using a complete single-
particle basis [35]. This property can be regarded unique to the RPA. Indeed,
Hansen and Bouman [36] have shown that the RPA equations with their spe-
cial non-hermitian structure may be derived from a configuration interaction
representation of the ground and excited state wave function, requiring con-
ditions which are a straightforward generalisation of the equivalence of the
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length and the velocity forms.

E. First order extended eigenvalue problem and RPA

We consider the same first order approximation to the primary block H
which defines the FOSEP approximation taking additionally into account the
coupling to the K-states defined by Eq. (74). Considering the states |K®")
as a minimal extension of the primary set of extended states {|Y,P*))} we get
additionally the block H,, and the coupling blocks H , and H, . The matrix
elements up to first order are given by

(v A
(#,] = (KO HYENO = VeV, —n), (82)
(0)+(1)
[—E:bb] amalm! ~act Ot (€0 — Em) — 2Vamfam)- (83)

Taking into account the block structure of the H__ block which is approximated
by QFOSEP of Eqgs. (78) and (79), it can be seen that the pp-pp and the hh-hh
blocks of the primary part do not couple to the K-states. Thus the structure
of the present approximation to the matrix A is as follows:

* 0000\ «hh

0% 0 x| < ph
H*=10*%0x|+hp . (84)

0000 | «<pp

0% % 0%/ « K(hp)

Dropping the non-coupling hh and pp rows and columns we are left with a
3 x 3 matrix of square blocks of the same dimension which can be written in
the following way:

S A 4 VW \ ¢+ ph
M = W -g"+Y V2V —hp . (85)
VW V2V et yov )+ K(hp)

Here the zeroth order matrix e_s__p" and the first order coupling blocks V, W are
defined by their matrix elements:

(7], = Fnmas(en — a), (86)

Y], g = Vistm), (87)

W], = ~Vemlas). (88)
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The representation (85) of the extended FOSEP matrix follows directly from
Egs. (78), (82), and (83) by renumbering the rows and columns of the blocks in
the hp and the K (hp) row and under the assumption that the matrix elements
of the two-body interaction V;;1,; are real and thus Viier = Vi

The corresponding eigenvalue problem for the matrix M ** that remains
reads

%emg =wS, (89)
where the diagonal overlap matrix S is given by the proper part of the matrix

p of Eq. (31) which reads in block matrix notation

0 0\ «ph
10 | «hp . (90)
0 -1/ « K(hp)

IIC/:
O Ol

The eigenvalue problem (89) can be transformed without changing the
eigenvalues with the help of an orthonormal transformation with respect to
the metric S:

I'sT=8 (91)
With the help of the inverse matrix
T =57'T's, (92)
Eq. (89) can be reformulated to yield
I'M™IT 'z =wI'STT . (93)
Introducing
M =T'M™T, (94)
¢=T"g (95)
we obtain the transformed equation
Mz =wSa' (96)

The particular choice

O Ol

‘|

0 0 — ph
V2l 1 +— hp (97)
1
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of the transformation matrix applied to the eigenvalue problem (89) leads to
a further decoupling in the secular matrix

f+V 0 -
gext — 0 _éph 0 . (98)
W0 #+Y

Dropping the decoupled central row and column, the following 2 x 2 block
matrix eigenvalue problem remains:

ph -
g +L hl " =w l 0 <. 99)
W e+ Y 0-1

This is identical to the RPA eigenvalue problem which has been presented in
similar notation in Refs. [21] and [37]. A thorough comparison to the FOSEP
approximation has been made in Ref. [21].

Concluding, we have shown that the present approximation g:’;t to the
matrix H leads to the RPA. In terms of the self energy, the present approach
consists of a first order static part of the self energy like in the FOSEP approxi-
mation and additionally to that part of the dynamic self energy comprising the
K-states which are in zeroth order degenerate to parts of the primary (static)
block.

It can also be shown that an approximation of the transition moments with
the physical solutions of the H** eigenvalue problem yields the RPA for the
transition moments. The transition moments thus have all the RPA properties
like, e. g., the exact equivalence of length and velocity form.

VI. STATIC SCATTERING POTENTIALS

In this chapter we will further discuss the static self energy of the extended
two-particle Green’s function. We have shown in a previous paper that the
self energy of this propagator is an optical potential for elastic scattering of
two-particle projectiles [10]. It is a well known fact that optical potentials are
non-unique [8]. Thus it is useful to investigate the properties of a given optical
potential critically from the formal, practical, and intuitive point of view. In
the following we will try to illuminate the physical significance of the static
self energy by viewing it as a static scattering potential. A strong analogy
can here be drawn from the well established Green’s function optical potential
for single-particle scattering, which we will start with. We also compare with
the alternative description by Feshbach’s optical potential. The discussion of
single-particle optical potentials then helps us to identify terms of the particle-
particle self energy. Considering Coulomb-interacting particles and presenting
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the static self energy in position space allows us to motivate the important
terms in the static part of the optical potentials. Finally, the interpretation of
the static self energy in the light of a scattering potential will also be transferred
to the particle-hole self energy.

A. Optical potentials for single-particle scattering

We begin with the physical situation of scattering a single particle off an
N-particle target in its ground state |¥Y). All particles are indistinguish-
able fermions and we only consider the elastic scattering channel where the
out-asymptotes leave the target in its ground state. The influences of the in-
teraction of the projectile particle with the many-body target can be accounted
for by a so-called optical potential [3] that is a potential in the single-particle
space and allows one to solve single-particle scattering equations that still give
the exact results with all many-body effects included. This optical potential
has to be non-local in order to describe exchange phenomena and has to de-
pend on the energy of the incident particles in order to correctly describe the
many-body interactions which can lead to resonances. Furthermore the optical
potential is in general a non-hermitian operator in order to take account of the
loss of scattering amplitude into inelastic channels.

1. Green’s function optical potential

It has been shown by Bell and Squires [4] that the self energy X(w) of
the single-particle Green’s function represents an exact optical potential for
elastic single-particle scattering. In an analogous way to Sec. III, the usual
Dyson equation defining the single-particle self energy can be derived by a
projection onto the span of the orthonormal primary set of states [26,9)

V@) = (GL ) ) ' (100)

(@] ap

The formal analogy between the derivation of Dyson’s equation for the single-
particle Green'’s function and the extended two-particle Green’s functions has
been the original motivation for the construction of the present two-particle
formalism and is discussed in detail in Ref. [10]. Here we only want to mention
that the definition of the Green’s function (29) and the expressions for the
inverse Green’s function (36) and the self energy (38) hold as well for the
single-particle Green’s function Gpy(w) and self energy £,,(w) when the states
|Y{®) replace the extended states |Y,,) and the metric 4 is replaced by unity.
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Thus, the single-particle Green’s function G(w) can be written as the resolvent
of an energy-dependent effective Hamiltonian:

1
Gw) = .
G(w) wl — ﬂ_(f)(o) )

(101)

We will now take a closer look at the static part of the Green’s function optical
Hamiltonian

" = ()

p

+ Snlo0) = (W] [op [, al] | (¥ (02)

The commutators of the creation and destruction operators with the Hamilto-
nian H are readily evaluated and we are left with the expression

R = ep0pg + Vpg + V) (103)

for the static part of the Green’s function optical Hamiltonian. The first two
terms on the right hand side are easily interpreted as the influence of the single-
particle part of the Hamiltonian like the kinetic energy and external forces on
the projectile particle. The third term

VO = (0 [op [V, o) | 198
=, Voklatl Pis (104)
kl

accounts for two-body interactions between the projectile and the target par-
ticles. The single-particle density p;; is defined by

pij = (20| ala; |TY). (105)

This two-body interaction part of the static self energy becomes even more
intuitive, when we consider a local interaction potential and transform the
formulas into position space. Take, e. g., Coulomb interacting electrons where
the matrix elements read

61‘11"1 51'21';

= 106
Iy — ra| (106)

Virrarie)
in position-space representation. The indices r = (r, o) are composed of the
spatial part r and spin part ¢ and adequately the delta function becomes
8 1= 8(r — 1) 850

In position space the interaction part of the static Green’s function optical
Hamiltonian (or the static self energy) reads
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V& = 5, / dr P P (107)
” r—r |r-r|

where the integration is taken to run over the three-dimensional coordinate

space and to additionally include summation over the spin part. p, = p,,

denotes the diagonal part of the single-particle density. Of course, the spin

part is easily accounted for in the case of a singlet ground state and a purely

spatial interaction part remains [38]:

VO(r, ') = 6(r—1' / dr 1lr plr) _ plr,r') (108)

-] jr—r|

It becomes evident that the static self energy describes the Coulomb repulsion
of the projectile electron by the static charge density of the target, the effect
of which is diminished by the possibility of exchange of the projectile particle
with one of the target particles described by the second term. If the target is
approximated by a Slater determinant, the static entity z%__(G) approximates the
projectile-target interaction on the so called static exchange level. Taking
_Z?,:(G) with a correlated ground state density instead is known as the correlated
static exchange approximation [39—41]. Of course, these approximations
cannot account for effects due to the response of the target’s wavefunction to
the incident projectile particle. These effects are called dynamic effects and
are described by the dynamic part of the self energy.

2. Feshbach’s optical potential

The optical model potential of Feshbach [2] was the first, rigorously de-
rived optical potential. There exist, however, an infinite number of physically
equivalent yet mathematically distinct optical potentials. A thorough exami-
nation of the mathematical properties of various kinds of single-particle optical
potentials has been given by Capuzzi and Mahaux [8]. An equivalent refor-
mulation of the original effective Hamiltonian used by Feshbach including the
single-particle kinetic energy and optical potential reads in matrix notation

KF(B) = [R + D(E)g™" (109)
The connection to the original formulas of Feshbach [2] is established in Ref. 8].

The matrix g is the difference between the unit matrix and the single-particle
ground state density with the matrix elements

= (¥g'| apa} [¥7)
= 0pg ~ Ppa- (110)
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Note that the eigenvalues of this matrix are just one minus the natural occu-
pations of the target’s ground state. If the target does contain an uncorrelated
hard core, the matrix g cannot be inverted in the full space of single-particle
indices. Rather one has to exclude the hard core explicitly from the acces-
sible space for the projectile’s wave function. In the important special case
where the target wave function is a Slater determinant, the matrix ¢ becomes
a projector onto the virtual orbital space.

The matrix @(F) is what we call the static part of the Feshbach Hamilto-
nian. It is defined by the matrix elements

R = (¥g | ap [H, o] 7). (111)

The dynamic part D(E), which can be found in the literature [8], possesses
poles related to resonances of two-particle-hole and higher excitations and a
branch cut above the ionisation threshold. It has an analytic structure similar
to the dynamic self energy (42) from the formal point of view. This is not
surprising since the projection method for deriving the Feshbach Hamiltonian
is formally similar to the derivation of Dyson’s equation of Sec. III or in Refs.
[26,9]. There, a partitioning was performed yielding a projection to the primary
space spanned by the orthonormal Y-states while Feshbach, on the other hand,
projected onto the space spanned by the non-orthonormal states af |¥{').

Like we have done for the Green’s function optical potential we can also
evaluate the static part R{) of Feshbach’s optical Hamiltonian:

R = ep0pq + 2 Upioig + Vi, (112)
2

with
Ve = (¥ [ap, V]_af [¥7). (113)

First we note that the g matrices cancel with their inverse in Eq. (109), leaving
the same single-particle part as for the Green’s function optical potential. The
interaction part V{F), however, differs from its Green’s function analogue Ve
of Eq. (107) by involving the two-particle density

Yijar = (Y| ajalasa; |¥) (114)

of the target’s ground state. The two-particle density comes into play be-
cause the expectation value (¥'| [a,, V]_a} |¥’) contains products of three
creation and three destruction operators. While one of each is cancelled by
the commutator, a two-particle density remains. Considering the fact that
the two-particle density of Slater determinants factorise into single-particle
densities according to
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Vst = PikPit — Pupik; (115)

we may introduce the reminiscent two-particle density
Vijkt = YFight = Vijht (116)

This allows to further simplify R{() to yield

¢ -
R =2 Rﬁn‘ 0ig + 3 FotiiVijia- (117)
i ki

In the case of an uncorrelated (Slater determinantal) target, the static part of
the Feshbach Hamiltonian (109) thus reduces to the well-known static exchange
approximation. For correlated targets, however, there remains a term due to
the non-factorising part of the two-particle density ¥p; which is not easily
interpretable by intuition. We therefore conclude that the Green’s function
optical potential, which is well defined in the full single-particle space also for
hard-core potentials, provides the simpler to compute and more intuitive static
part than the Feshbach optical potential. For completeness we would like to
mention that the Feshbach approach also has more difficulties with the dynamic
part in showing a more complicated energy dependence and nonlocality in
studies of nuclear matter, at least at low energy [8,42].

B. Two-particle scattering

We have shown in Ref. [10] that the self energy of the extended particle-
particle Green’s function GPP)(w) serves as an exact optical potential for elastic
scattering of two particle-projectiles by a many-body target. In a situation
where both projectile particles are asymptotically free, one may choose the
kinetic energy as the zeroth order Hamiltonian Hy. The effective Hamiltonian
in the two-particle space then is given as usual as a sum of the zeroth order
part gi’;”)(o), which is now the kinetic energy for the projectile particles, and
the self energy S®P)(E) taking account for the full interaction. Interaction now
occurs between the projectile particles, between the projectile and the target
particles, within the target and with external fields. The static part of the
optical Hamiltonian is given by

RYD), . = (2], ., = (a}al|H]a},al). (118)
Again, the contributions of the single-particle part of the Hamiltonian H may
be split off easily due to the linearity H=Hy+do+ V of the super-operators:

Rg’;ﬁ)/s: = (Er + 55)(6”’535’ - 6”’51‘3’) + Srs,r’s’(oo)a (119)
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with

S pp) (OO) = ’U,-,.l(sss + 4, et Ugst — 'U.,.sl(srsl -9 rs! Upgt + Vpp) (120)

rs,r's! rs,r's’

Thus the kinetic energy and the influence of external forces is already de-
scribed exactly by the static part of the optical Hamiltonian and independent
of approximations for the target wavefunction. Note that the possibility for
two particles labelled by r and s to exchange can be seen explicitely in the
kinetic energy and external field parts of Eqs. (119) and (120) by the terms
that antisymmetrise the matrix with respect to interchange of these labels. An
expression for the interaction part V, (pr) . contained in the static self energy is

rs,r

gained by applying the definitions of Sec. II:

Vr(‘?:-s’ =( Qy, s'Vla'” S)
= (I [asar, [V, aLaL]_]_ [ +

{tall[v ab]_ ], oo o 03 +

51 [V ab] arl98) | -

{r<—>s}—{r’<—>s’}+{r<—>s&r’<—>s’}, (121)

where the term in braces reappears three more times with interchanged indices
as indicated in the last line of Eq. (121). When we again consider the case of
Coulomb-interacting electrons and transform Eq. (121) into position space, we
get a large number of terms due to the many possibilities of the two electrons to
exchange with each other and with the target particles. All terms are written
down in App. B. Here we will only motivate some important ones.

Firstly, one certainly expects terms describing the direct repulsion of the
two projectile particles as well as the Coulomb interaction of both particles
with the static charge density of the target. These terms also arise if the
projectile particles are distinguishable from the target, e.g. for positrons. In
order to isolate these terms we introduce positronic creation and destruction
operators ¢} and ¢, which commute with the electronic operators a} and a,.
Including the Coulomb interactions of the positrons using the interaction op-
erator Viomposite for the composite electron-positron system (taken from Ref.
[43]), we obtain the following expression for the interaction part of the static
self energy of the extended two-positron Green’s function:

Vr(s‘;ﬁst'mns) = (cl, ! |Veomposite c,,, I )
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1
- (61‘1"553’ - 61‘5’67‘3') (lr__‘s_|

_ Pry Pry
[ an P [ an - SI>' (122)

This is a very intuitive result showing that the static particle-particle self
energy incorporates the full two-body interaction between both projectile par-
ticles as well as the Coulomb interaction with the static charge density of
the target. The possibility of exchange between the projectile particles is ex-
plicitely present in Eq. (122) through the antisymmetric delta functions.

Returning to the problem of scattering projectile particles that are indistin-
guishable from the target particles, we can expect additional exchange terms.
These terms do indeed occur and a straightforward evaluation of Eq. (121)
yields nine different terms:

(af,al|V]alal)=A+B+C+D+E+F+G+1+J
—res)-reos)+tros&r 4. (123)

As mentioned before, all terms are written down in App. B. Note that outside
of the target, i. e. when the positions r, r', s, and s’ of the projectile particle are
such that the target’s particle densities vanish, only the terms A and B with
their antisymmetric combinations survive. These terms exactly reproduce Eq.
(122) except for the obvious change of sign of the projectile-target Coulomb
interaction.

Of the remaining terms, C' = —JssllT”fr’L,l is most easily identified as the
kind of exchange interaction of a single projectile particle with the target that
already appeared in the case of single-particle scattering in Eq. (107). All
the other terms have to be attributed either to the possibility of simultaneous
projectile-projectile Coulomb interaction with projectile-target exchange (D
- G) or projectile-target exchange occurring along with the projectile-target
Coulomb interaction (I and J). The occurrence of two-particle densities in
terms F and I appears quite natural in this context although the intuitive
interpretation of these mixed or simultaneous exchange terms remains obscure.

Note that the terms G and J are proportional to the single-particle density
p; = (ol a;ai lo) of the secondary reference state |¢) that was introduced in
the definition (1) of the extended states | A, B). The choice of this reference
wavefunction is arbitrary for the algebraic properties of the extended wave-
function and, in particular, for the derivation of the Dyson equation. Here
it obviously introduces differences and the freedom of choice can be used to
change the static self energy. The only condition that |¢) has to comply with
in order to have the full formalism at hand, is to be an eigenfunction of the
Fock-space Hamiltonian H (c. f. Sec. IIC). The two obvious choices for |¢)
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are the target state |¥}Y) and the Fock-space vacuum |vac). Choosing the
vacuum, the terms G and J vanish because the particle density in the vacuum
is zero. This choice was used in Ref. [10]. Choosing instead the target’s ground
state |¥Y), the terms G and J look similar to terms F and I, respectively,
which involve two-particle densities appearing with a different sign.

Like in the case of single-particle scattering, there are other possibilities
of defining optical potentials. Without going into detail we want to mention
that an analogous expression to the Feshbach effective Hamiltonian (109) can
be derived for two-particle scattering. The static part E(F) has now the ma-
trix elements R, = (VY| a,a, [H , al.al]_ [¥Y). For positrons as projectile
particles (i. e. distinguishable particles from the target) the same result as Eq.
(122) is found. In this special case the static particle-particle self energy and
the static part of Feshbach’s potential are identical. If all particles are indis-
tinguishable fermions, however, @(F) involves three-particle densities that are
cumbersome to evaluate and even more difficult to interpret.

C. Particle-hole scattering

In the preceding section we have discussed the static part of the particle-
particle self energy as a scattering potential for two-particle scattering by a
correlated many-body target. This point of view is justified by the fact that the
particle-particle self energy is in fact an exact optical potential for two-particle
scattering [10]. Earlier in this paper we have presented a unified formalism
comprising three different types of two-particle Green’s functions: the extended
particle-particle, particle-hole and hole-hole Green’s functions. The strong
formal analogy between the three cases already hints towards carrying this
analogy to the discussion of scattering potentials. Especially the particle-
hole case deserves more attention since we know that in extended electronic
systems, particles and holes attract each other and may form bound states
known as excitons. The excitons then may act as projectiles and scatter off
defects, other kinds of interaction centres, or simply because of the presence
of electronic correlation.

Looking at the expression for the static part of the effective particle-hole
Hamiltonian [which can be evaluated from Eq. (68)] we notice that the kinetic
energy part describes two distinguishable particles with masses of opposite
sign:?

2Choosing Hy to be the kinetic energy operator for electrons, the single particle
indices p, g in this equation should be read as the momentum space representation
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; h

(a}, aq | H| als, ay) = 8ppbgqr (€ — £4) + ST (00). (124)
The interaction with external (one particle) potentials is contained in the static
self energy and also shows different signs like for particles carrying opposite
charges:

B) .

SE 1(00) = Uy — Oyprvgg + (al, ag [V al, ag). (125)
The interaction potential (af, a, |V|alt ay,ay) describes the two-particle interac-
tions and may again be simphﬁed by switching to position-space representa-
tion. The full expression, however, is still fairly complicated and can be found
in App. C. Note that this interaction part of the static self energy simplifies
very much when the projectile particles are outside of the target, i. e. where
the particle density has dropped to zero. In this “outer” region we are left with
the Coulomb interaction of two oppositely charged particles with the target’s
charge density:

( ., Qs |V| ar’v as') = 5rr’6ss’ /drl' P - 61'1"635’ /drll Pry
ry

outer region - l" ry — Sl '

(126)

In the outer region there is no direct coupling between the particle and the
hole. However, there are no formal restrictions that prohibit a hole from being
outside the target. In regions of vanishing particle density, holes move with
negative mass interacting by opposite charge with external potentials and the
target’s charge density. Inside the target interactions between the particle
and the hole arise. This is best seen when the interaction potential is further
simplified by assuming that all two particle densities in Eq. (C1) factorise,
which is the case if the target’s ground state can be described by a Slater
determinant. Choosing further the secondary reference state |¢) to be the
target’s wavefunction we arrive at the following expression:

Pr Prr!
aaV Ha :érlés:/dr L — b
( S| | % >fact0rised e ! I'] * Ir—["]
r Ps's
rr’6ss’/dr1| 1 _l Sl +5r7"|s_sl|
5 l/d 1p871p7‘1s
rr 1 —1‘[

where the kinetic energy is diagonal. Later we will again switch to position space
representation (with indices 7 and s) where the local Coulomb force simplifies.
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533 /dl‘ prnpnr
|r1 — 5|

1 1
+Prr! Psts [—r——s’l + m
+V,“ - (127)

Additionally to the terms of Eq. (126) we now have the usual exchange terms
(2nd term on the r.h.s) for the particle and an analogous exchange term (4th
term) for the hole. The following two terms (5th and 6th) describe attrac-
tive forces between the particle and the hole, mediated through the target. In
particular if the one-particle densities are almost diagonal this becomes ob-
vious. The next (7th) term has to be interpreted as an exchange correction
to the preceding Coulombic terms. The last term is called the “annihilation
potential” VA fs,rs and is given by

1 1 1 1
A . - - . 128
Vespist = ProPorr ([r—r'| + Is—s'| |r—¢| |r’—s|> (128)

It plays a special role since the single-particle densities involved mix particle
(r, ') and hole (s, s') indices. This term thus originates from the possibility
of particle-hole excitations to annihilate. Note also that this term vanishes for
a target in a singlet state if the particle-hole pair forms a triplet excitation,
e.g., if the spins are opposite [r = (r, 1), and s = (g, })].

VII. CONCLUSIONS

In this paper we have presented a general theory of extended two-particle
Green’s functions and discussed a number of formal properties as well as the
physical interpretation of the corresponding static self energies. We have devel-
oped a general formalism and used it to define fermionic extended two-particle
Green’s functions of three categories: particle-hole, particle-particle, and hole-
hole functions. An important property of the treated class of Green's func-
tions is that they obey a Dyson equation in analogy to the well-known single-
particle Green’s function of traditional many-body theory. Many properties
of the extended two-particle Green’s functions can be explained by this anal-
ogy. Dyson’s equation defines well-behaved self energies that are amenable to
a perturbation theoretical treatment. A further analogy to the single-particle
Green’s function lies in the property of the two-particle self energy to serve
as an optical potential for elastic scattering of two-particle projectiles by a
many-body target.
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The fundamental construction principle for fulfilling Dyson’s equation is
to define the Green’s function upon an orthonormal set of primary states. In
order to achieve this orthonormality property, the physical two-particle states
have to be extended by additional, “unphysical” components. The new com-
ponents introduce additional poles and branch cuts in the analytic structure
of the extended Green’s functions. When defining the Green’s function for real
arguments, however, one can still manipulate the singularities by shifting them
off the real axis or choosing principle value singularities. Another consequence
of the extensions is the occurrence of zeroth-order degenerate states.

In this contribution we have given particular attention to the two-particle
self energies. In the special case of a many-particle system without proper
inter-particle forces, where the particles only interact with external potentials
or by mean fields, the two-particle self energies take on a particularly simple,
energy-independent form. The first order of perturbation theory already solves
the full problem in strict analogy to the self energy of the single-particle Green’s
function.

Also for a truly correlated many-body system it turned out that already
the first-order static approximation of the self energy yields a well-behaved
approximation as we discussed for the particle-hole case. We have compared
the resulting FOSEP approximation for excitation energies and transitions mo-
ments with two other well-known first order approximation schemes, the RPA
and the TDA. It turned out that the FOSEP approximation is not only con-
sistent in first order but also includes parts of the higher order correlation in
a consistent manner without showing the instabilities of the RPA. The RPA,
on the contrary, treats higher-order ground state correlation in the excitation
energies inconsistently while the TDA fails to yield consistent transition mo-
ments. Interestingly both the TDA as well as the RPA can be won as specific
approximations to our extended particle-hole self energy. The TDA results
by exclusion of the zeroth-order unphysical states and the RPA is gained by
inclusion of a class of zeroth-order degenerate states.

The static self energy was also examined from a less formal and more phys-
ical perspective by viewing it as a static scattering potential. On the example
of Coulomb-interacting fermions we interpreted various terms of the static part
of the particle-particle self energy by comparison with the Green’s function’s
and Feshbach’s optical potentials for single-particle scattering. We could also
draw an analogy to the static self energy of the extended particle-hole Green'’s
function. Apart from describing the static projectile-target interactions, also
intra-projectile forces mediated by the target are present. One thinkable ap-
plication of particle-hole optical potentials is the scattering of excitons in ex-
tended systems but room is left for physical imagination.

The development of approximations to the two-particle self energies be-
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yond the leading order is certainly a challenging task for the future. In this
context, additional insight into the structure and meaning of the dynamic self
energy parts is needed. The underlying concepts of the presented formalism,
in particular the orthonormal primary set of states, which is invariant under
a change of the single-particle basis, form a sound basis for developing pow-
erful approximation schemes. These may go beyond single-determinant based
perturbation theory because the choice of the primary reference state |¥{') in
the definition of the extended Green’s functions is not restricted in this way.
Multi-configuration, coupled-cluster, or density-functional based approximate
wave functions may be employed here. The arbitrariness of the secondary
reference state |p), on the other hand, may be used to tailor approximation
schemes with particular properties.
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APPENDIX A: FORMAL DEFINITION OF THE HILBERT SPACE Y

The following formal definition of the space Y refers to a given choice of
reference states [¢) and |¢) [as in Eq. (1)] that are proper eigenstates of a
given Fock-space Hamiltonian H. The mathematical concepts used in this
formal chapter can be found in common textbooks on functional analysis,
e. g. Ref. [22].

Definition Given a set of primary states P = {|A,B)| A € A, B € B}
defined by sets of Fock-space operators A4 and B, we define the space Y as
the smallest closed linear space containing P as a subset P C Y that is closed
under action of the extended operator H e

lyyeY = HlyeY. (A1)
Notes

e The “smallest” space satisfying the demanded conditions is defined, like
usual, as the intersection of all spaces that fulfil the conditions.

o It should become clear that this definition of a minimal space Y is ap-
propriate because the extended propagators will be defined by matrix
elements of the resolvent of A between primary states. Thus all states
that “couple” to the primary states via H are relevant.
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Proposition Together with the canonical inner product of Sec. IT A, the
space Y is a Hilbert space.

This can be shown as follows: An arbitrary element |p) of P is defined [by
definition (1)] by directs sums and products of component states |@;):

Ip) = |61) @ |d2) D [¢3) @ |ds) © |P5) @ |ds) © |$7) @ |ds) D |de) @ 10)-
(A2)

The component states |¢;) are elements of physical Hilbert spaces H; with
given particle number (if the operator sets A and B allow). The extended
state |p) is thus an element of a composite space C, given by the following
direct sum of tensor product spaces:

C:Hl@H2®H3®H4®H5®H6®H7®H3®H9®H10. (A3)

Due to its definition by direct sums and tensor products, the space C, with
the canonical inner product for sums and products of Hilbert spaces, is a
Hilbert space itself. Since the Hamiltonian H is a particle number conserving
operator (we only consider non-relativistic systems), the application of H to
the component state |¢;) will not lead out of the corresponding component
space H;. It is easily seen that also the application of H to the extended state
|p) then does not lead out of the space C. Thus the above defined linear space
Y is a subspace of C. A closed subspace of a Hilbert space, however, is a Hilbert
space itself. This concludes the proof of the proposition.

Obviously the given definition of a minimal space Y is not constructive.
For most means, however, it is not really necessary to have the minimal space
and the space C can be taken instead. A basis of C can be easily constructed
from Slater determinantal bases of the component spaces H;.

APPENDIX B: STATIC PARTICLE-PARTICLE SELF ENERGY FOR
ELECTRONS

Here we present all terms of the static particle-particle self energy for
Coulomb-interacting electrons. As usual the static self energy is given by
S'ng') ( ):( ay, s|H1|ar" s)
- 61'7"”53’ - ésr’vrs’ - 5rs’vsr’ + 5ss'vrr’
+(ar1 s |Vl r’) s) (Bl)

Evaluating the two-particle interaction part (af,a} |V|al, a!,) from Eq. (121),

r)s
we arrive at nine different terms:

Ay Q
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(af,al|V|al,al)=A+B+C+D+E+F+G+1+J

—(res)—(Fes)+ros&rod). (B2)

Each of the nine terms also appears with interchanged single-particle indices,
which is indicated by the second line of Eq. (B2). The static self energy thereby
becomes antisymmetric with respect to interchange within the first or second
pair of single particle indices. This antisymmetry is due to the indistinguish-
able nature of the projectile particles. In the position space notation already
used in Sec. VI the nine terms read:

= ;lrfs ; (B3)
= OpprQggl /dr1 — rl (B4)
C= —J”F”:—’”’r—,], (B5)
D= —5ss,|?pj—'s|, (B6)
E= —533,|Tp’_5’?[, (B7)
= |:'i”;’,|, (B8)
G= ”’Tp—| (B9)
~ds [ dry ;’1“_' L (B10)

A /dr1 lrlpt 3 (B11)

Here, p, and p,~ denote the diagonal and full single-particle density with
respect to the target’s ground state |¥2') as usual. The superscript ¢ indicates
that the density p%. = (p|al.a, |p) is taken with respect to the secondary
reference wavefunction |¢) [see also the definition of the extended states (1)].
For the choice |p) = |¥}) it is identical to the common single-particle density
and for |¢) = |vac) these terms vanish. The latter choice was taken for
the extended particle-particle Green’s function of Ref. [10]. The two particle
density 7,k is defined in Eq. (114).
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APPENDIX C: STATIC PARTICLE-HOLE SELF ENERGY FOR
ELECTRONS

In this appendix we present the interaction part (af,aq \%4 aL,, ay) of the
static particle-hole self energy discussed in Sec. VIC. We assume Coulomb
interacting electrons with the usual position space representation (106) of the
two-body interaction V. The expression for the interaction part of the static
self particle-hole self energy can then be readily evaluated, either from the
definitions of the extended states (1) or from Eq. (68):

"]
Prvt

(0 Pl ab ) = Gt [ E b, P

rr’5ss'/dr1 Pry +(5r7" ps,s/
1 — s s~ s'|

+5ss /d Ty—— Trrar'ny - 688 ! Prot /drl prl

|ty —s| ry — s

+5rr’/dr1 L 7‘137‘1 - 6rr‘ps s/drl pn
ry — x|

_ Trs'r's prr'ps s
r—r| |r—1|
_ Yrs'r's pf’sprr’
[s—s' |s—¢|

Yrs'r's Yrs'r's
. C1
QTR €D

The same nomenclature as in App. B and Sec. VI is used.
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1 Introduction

Conjugated organic systems have occupied the centre stage of activ-
ity in chemistry over much of this century. This is because of their
unique properties such as high reactivity, unusually large anisotropic
diamagnetic susceptibility and long wavelength electronic absorption
(1, 2]. Theoretical interest in these systems has been fueled by the fas-
cinating resonance structure first proposed by Kekule for the canoni-
cal conjugated molecule, benzene. Soon after the advent of quantum
mechanics, one of the earliest applications of the quantum chemical
techniques was to the study of conjugated molecules [3, 4]. In fact,
the model for explaining the increase in wavelength of the optical ab-
sorption in conjugated molecules with increasing chain length was the
pedagogical particle-in-a-box description. Another focus of interest
in the study of conjugated molecules was the equilibrium geometry
of infinite polyenes. It is well known that benzene has equal C-C
bond lengths while 1,3,5-hexatriene has alternating short and long
C-C bonds. A fascinating question that was raised in the context
of infinite polyenes was whether the system would behave like ben-
zene or like 1,3,5-hexatriene. Interestingly, while this question was
answered by Peierls [5] in the specific case of tight-binding models,
the exact answer to this problem in more realistic cases is still being
pursued.

In recent years, it has been observed that many conjugated sys-
tems can be doped to high electrical conductivities and/or intrinsi-
cally possess large luminescence, electroluminescence, and nonlinear
optical responses, as well as, in some cases, the ability to lase when
optically or electrically pumped [6]. These properties point to the
distinct possibility of their role in molecular electronics as well as
optoelectronics or photonics devices. In fact, the operation of conju-
gated polymer-based light emitting diode via a polymer field-effect
transistor has already been demonstrated [7]. The large nonlinear
optical response could lead to applications in optical limiters and in
storage devices which, e.g., use two-photon absorption or the pho-
torefractive effect for read-write operations [8, 9]. Optical switches
can be designed using the large nonlinear optical response of conju-
gated polymers that could lead to applications in optical computing.
These interesting possibilities have resulted in an enduring interest
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in conjugated polymers and oligomers.

All these properties involve the low-lying 7 electronic states of
these molecules, that thus need to be properly characterized. This re-
view deals with reliable methods of studying the low-lying electronic
states and the linear and nonlinear optical responses of conjugated
systems.

With the recent advances in quantum chemical techniques, it
would appear that dealing with the electronic states of conjugated
polymers is but a straightforward application of the methods. Unfor-
tunately, these systems still prove quite elusive for such applications
of the standard methods for many reasons. The standard quantum
chemical techniques such as the Hartree-Fock and density functional
methods are best suited for the study of the ground state properties
of molecules. However, most of the interesting properties exhibited
by conjugated polymers involve excited states. Furthermore, the con-
jugated polymers show evidence for the presence of strong electron-
electron repulsions. This implies that we have to carry out fairly
extensive configuration interaction (CI) calculations for obtaining re-
liable excited states. If all the valence orbitals of the polymers are
included in a quantum chemical calculation, then the space of con-
figuration functions would increase beyond manageable limits even
for small polyenes. Yet, restricting the configuration space to just
singly or doubly excited configurations would imply absence of size
consistency. Since the longest oligomers experimentally studied are
often longer than those that can be handled by quantum chemical
techniques, one often resorts to extrapolating properties computed
for short oligomers. The absence of size consistency then would lead
to unreliable extrapolation of the properties even for the low-lying
excitations.

There do exist recent quantum chemical techniques which are size
consistent. Among them, the Random Phase Approximation (RPA),
its variants such as the Second-Order Polarization Propagator Ap-
proximation (SOPPA) [10], and the Coupled Cluster Approximation
(CCA) [11] are the most prominent and being widely used. In the
SOPPA method, electron correlation effects are included in the two-
particle polarization propagator to second order. The coupled cluster
method uses an exponential ansatz through which higher-order exci-
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tations are included as multiples of singles, doubles and a few higher-
order excitations. These methods can be viewed as approximations
to the full CI in molecular orbital formulation. For relatively strong
correlated systems, these methods fail to describe properly the elec-
tronic properties, especially for the electronic and optical excitations
[12]. In principle, one can increase the number of excitations going
beyond double, triple, and quadruple excitations, yet the numerical
performance does limit such expansions, in addition to the algebraic
complexity.

The problem of obtaining size consistent and reliable excited
states in large oligomers of conjugated molecules can be overcome
to some extent by using several strategies. Firstly, we know that the
"action” in conjugated polymers is mainly confined to the 7 elec-
trons. Thus, it would be sufficient to deal with the = system, albeit
as accurately as possible. To deal with the large 7 systems with great
accuracy, we need to devise techniques that go beyond the conven-
tional quantum chemical methods which usually have their origin in
either a restricted variational CI method or a many-body perturba-
tion method. In the next two sections, we give a brief introduction
to the model Hamiltonians that have been largely employed for the
study of conjugated molecules. In section 4, we describe an innova-
tive way for solving the model Hamiltonians, which goes beyond the
conventional techniques and is based on the Density Matrix Renor-
malization Group (DMRG) theory. Various applications of DMRG
to the electronic structure of m-conjugated chains are described in
the following sections.

2 Model Many-Body Hamiltonians for 7 Con-
jugated Systems

The valence orbitals of the conjugated systems can be classified into
two categories: the o orbitals and the m-orbitals. The o orbitals
have very strong overlaps leading to a large covalent splitting of the
molecular orbitals (MQOs). The bonding MOs are usually fully occu-
pied and the antibonding MOs are well separated from these on the
energy scale. The 7-orbitals on the other hand have weaker overlaps
and hence the bonding and antibonding MOs of the 7 system are
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located closer to the zero of energy defined by the fully dissociated
system. Thus, chemists have long focussed on the 7 molecular or-
bitals for studying properties of conjugated molecular systems. The
validity of the o - 7 separability was a topic of intense study and it
is generally found to be valid for low-energy excitations in extended
systems wherein the energy scales of the o and 7 MOs are well sepa-
rated. This review deals with the electronic structure and properties
of the systems where m-electrons play the leading role. Hence, our
discussion will be restricted to m-electron Hamiltonians.

The second quantized Hamiltonian for the w-electron system of
a conjugated molecule can be written in the form [2]

H7r = HOne——electron + HTwo—electron (1)

The one-electron part is approximated by assuming that the -
electrons move in an effective field of the nuclear attraction and the
electron repulsion of all the remaining electrons. The two-electron
part corresponds to the electron-electron repulsion experienced by
the m-electrons amongst themselves [13]. The one-electron part is
further assumed to be represented by a Hamiltonian matrix hj,.
The two-electron part, for the present is assumed to consist of all
possible repulsion integrals. With this, the above Hamiltonian can
be written as:

Hy = Z hul/Euu
uy
+1/2 Z ['LH/IIUII/I](EMVE“/V/ — 5’//-‘,E/»“/’) (2)
uop' v
E/u/ = Z a/L,g&V,O' (3)

where dL,a(&u,a) corresponds to creation (annihilation) of an elec-
tron with spin o in the u'* m-orbital and the two-electron integrals
[pv|p'v'] are given in the charge cloud notation.

2.1 The Hiickel Model

The Hiickel model [3] was the earliest m-electron model. Here, the
two-electron integrals are completely neglected. Furthermore, the
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Hamiltonian matrix of the one-electron part is assumed to have
nonzero elements only along the diagonal and for the pair of 7-
orbitals y, v, which are on neighboring carbon atoms. To simplify
further, these integrals are treated as phenomenological parameters.
Thus, in the case of benzene, the nonzero off-diagonal elements are
all assumed to correspond to a parameter 3 known as the resonance
(or transfer) integral and the diagonal elements are assumed to be
another parameter o, known variously as the orbital energy, site en-
ergy, and Coulomb integral. Since in benzene, all carbon atoms are
in identical environments, the site energy can be set to zero without
losing any physical content in the model. The second quantized form
of the Hiickel Hamiltonian is given by:

HHuckel = Z audLUdua + Z tuu(Euu + h-c-) (4)
po <pv>o

where o, is the orbital energy (Coulomb integral) at site 4 and ¢, is
the resonance (transfer) integral between bonded sites, h.c. stands for
Hermitian conjugate and the summation, < uv >, is over all bonded
sites. The Hiickel Hamiltonian has been widely used because of its
simplicity and the physical insight it can often provide[14, 4]. The
early major successes of this model have been that (i) it provides the
theoretical basis for the (4n + 2) rule of aromaticity in conjugated
ring systems; and (ii) it explains the red-shifts in the optical spectra
of conjugated systems with increase of conjugation length. However,
the Hiickel model also suffers from a lot of drawbacks as it fails to ex-
plain many of the qualitative and quantitative features of conjugated
systems [15].

The Hiickel model as applied to polyenes possesses a symmetry
known as alternancy symmetry, since the polyene system can be sub-
divided into two sublattices such that the Hiickel resonance integral
involves sites on different sublattices. In such systems, the Hamilto-
nian remains invariant when the creation and annihilation operators
at each site are interchanged with a phase of +1 for sites on one
sublattice and a phase of -1 on sites of the other. Even in interact-
ing models this symmetry exists when the system is half-filled. The
alternancy symmetry is known variously as electron-hole symmetry
or charge-conjugation symmetry [16].
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The existence of alternancy symmetry leads to very strong predic-
tions concerning the electronic properties of the system. For instance,
it imposes that the lowest energy excitation is dipole allowed. How-
ever, in long polyenes, there is unambiguous experimental evidence
for states below the lowest dipole-allowed excited state [17]. The
alternancy symmetry also predicts that in polyene radicals (with an
odd number of carbon atoms), the spin density should reside on only
one sublattice and that the spin density on the other sublattice be
strictly zero. However, electron spin resonance experiments indicate
the presence of spin density on both sublattices, with the spin pro-
jections on the sites of one sublattice being opposite in direction to
those of the sites belonging to the other sublattice [18].

Besides these qualitative differences, there also exist quantita-
tive discrepancies between the Hiickel model for polyenes and the
experimental observations. The Hiickel theory predicts an order of
magnitude larger oscillator strength in the absorption to the lowest
dipole allowed state [4]. The bond length alternation required to
fit the optical gap in polyenes within a Hiickel model is twice the
experimentally observed bond alternation. Thus, the Hiickel model
is mainly of pedagogical interest and one needs to go beyond it for
dealing accurately with realistic conjugated systems.

2.2 The Hubbard Model

While the Hubbard model can be derived from the Hamiltonian in
eqn.(2), the model was invented in an entirely different context, in-
dependently by Kanamori [19], Gutzwiller [20] and Hubbard [21].
It was first introduced to explain ferromagnetism in metals. While
the simple Hubbard model is now known not to have a ferromag-
netic ground state (except in some pathological cases [22]), it has
become one of the most widely studied models in the context of
metal-insulator transitions [23, 24].

The Hubbard model can be derived from eqn.(2) by: (i) mak-
ing a zero differential overlap (ZDO) approximation; and (ii) by as-
suming the range of Coulomb interactions to be truncated to just
on-site repulsion by virtue of strong shielding of the interactions by
the conduction electrons in metals. The ZDO approximation [25]
restricts the nonzero electron repulsion integrals to those of the form
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[npelvr]. That is to say, the two-electron integrals are nonzero only
when charge density of one electron resides completely in an orbital
¢ and that of the other in orbital v. As the Hubbard model further
restricts the nonvanishing two-electron integrals to the type [uu|pp),
it can therefore be written as:

N A U A
Heubbard = Hituckel + > ARy — 1) (5)
I

where 7, is the number operator at site 4 and U is the on-site electron
repulsion integral which is phenomenologically taken as the absolute
difference of ionization potential and electron affinity of the atom.
In its simplest form, the Hubbard model is a one-parameter model
involving U since all the energies can be scaled in units of the uniform
transfer (resonance) integral t. As can be seen from this model, the
electrons try to reduce their kinetic energy via delocalization through
the transfer term (first term) while in the process they pay an energy
overhead U, whenever a doubly occupied site results. Thus, this
model incorporates electron repulsion at the crudest level and has
been used to study metal-insulator transitions.

The model has been exactly solved in one-dimension [26] for ar-
bitrary band-filling. The results indicate that the ground state for
a half-filled Hubbard band is insulating for any nonzero U. The
ground state is found to be a spin singlet. The lowest triplet state is
degenerate with the singlet state in the limit of infinite chain length.
However, there is a finite optical gap (the energy difference between
the ground state and the lowest dipole- coupled state), which is given
as a function of U as:

1

37U (6)

AE=U - 4t—8tz (1 + n2U2)%—
n=1
The Hubbard model, being the simplest model which incorporates
the essence of electron correlations, has been intensively studied for
more than three decades [27]. However, even in the one-dimensional
case, our understanding of the model is far from complete.

2.3 The Pariser-Parr-Pople (PPP) Model

The Hamiltonian that can be obtained from egn.(2) by employing the
ZDO approximation was derived independently by Pariser and Parr
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[28] and by Pople [29] almost a decade before the Hubbard model.
This model has been the standard model for a serious study of the
electronic states of conjugated systems. It is also appropriate to use
a site chemical potential in the intersite interaction part such that
all the carbon sites remain electrically neutral when singly occupied.
This is achieved by setting z, to 1 in the Hamiltonian given below:

ﬁPPP = ﬁHubbard + Z Vul/(ﬁ,u - Z#)(’fl,, - ZV) (7)
u>v

In keeping with the spirit of phenomenology associated with the PPP
Hamiltonian, the off-site electron repulsion integrals, V,,,, are inter-
polated smoothly between U for zero intersite separation and e?/r12
for the intersite separation tending to infinity, and explicit evalua-
tion of the repulsion integrals is thus bypassed. There are two widely
used interpolation formulae given by Ohno and Klopman [30] and by
Mataga and Nishimoto [31]. In the Ohno interpolation scheme, the
intersite electron repulsion integrals, V,,,, are given by:

V;u/ = 14397[m T;W

(8)
where r,, is the distance between site u and v. The Mataga-Nishimoto
interpolation formula gives:

Viw = + 7] 9)

(U, +U,)

In both cases, it is assumed that r,, is in Aand U and V are in
eV.

The repulsion potential given by Ohno decays more rapidly than
that of Mataga-Nishimoto. Unlike the Hubbard model, the PPP
model has not been solved analytically, in any limit. Even numer-
ically exact solutions of the model are restricted to systems with
about sixteen orbitals at half-filling. The parameters of the model
for systems with carbon and nitrogen atoms in conjugation are fairly
well standardized. The model has been successfully used in studying
the low-energy excitation spectrum of a large number of interest-
ing conjugated systems [32, 33]. The model is found to be capable
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of providing quantitative results which are in good agreement with
experiments.

There exist a few studies of models in which the ZDO approxi-
mation is not fully implemented. In these models, terms of the type
[pv|p'v'] and [pp|p't'] where the pairs pv and p'v' correspond to
nearest neighbours have been included. These terms are known as
bond-bond repulsions and charge-bond repulsions respectively. How-
ever, these models lack the generality to be considered as basic mod-
els of conjugated systems.

2.4 The “U-V” Model

In the physics literature, the model invented to go beyond the severely
truncated electron-repulsion range of the Hubbard model has been
the extended Hubbard Hamiltonian or the “U-V” model. Here, the
intersite interactions are introduced between bonded sites through
another independent phenomenological interaction parameter V [26]
from which the model derives its name. The Hamiltonian is given
by: X

Hyv = Hyuphara + Y V(Riu — 2,) (R0 — 2,) (10)

<pr>

This model, first proposed in the context of organic semiconductors,
has the advantage of retaining the range of the interaction at the
same level even as the system size is increased [34]. In the PPP
model, an increase in system size leads to new longer range inter-
actions appearing in the Hamiltonian, thereby making a systematic
study with increasing system size less reliable.

The “U-V” Hamiltonian contains the essential physics necessary
to model insulators and semiconductors [35). For a half-filled band,
this model makes some qualitatively new predictions [36, 37]. In
the parameter range, 0 <V < U/2, for any given U, antiferromag-
netic correlations dominate and the ground state is described by a
spin-density wave (SDW) state. However, for V' > U/2, charge cor-
relations dominate and the ground state is described by a charge
density wave (CDW) state, namely, opposite charge resides on the
neighbor site (favoring V term) stabilizes the ground state. It is,
however, not clear whether the transition between SDW and CDW
phases is first-order or second-order for U = 2V. The lowest energy
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optical excitation occurs at an energy (U — V') in the limit U — oo
and the nature of this excitation is qualitatively different from that
in the Hubbard model. In the “U-V” model, this excitation consists
of an electron and a hole residing on nearest neighbour sites and is
called an exciton. In fact, the “U-V” model is the minimal model
which allows a bound electron-hole pair in real space with its energy
lower than the band edge of the one-electron and one-hole contin-
uum. The edge of the continuum lies at energy U and the continuum
consists of band-like optical excitations [38] for which the electron
and the hole are separate free carriers.

2.5 The Heisenberg Model

In the limit of very large U of the Hubbard model at half-filling,
we can expect all the sites to be singly occupied. Furthermore, the
energy of all such states in which the sites are singly occupied is the
same. When the transfer term is introduced as a perturbation, the
degeneracy of the ground state is not lifted in first order since the
transfer term does not connect states with same site occupancies.
However, in second order, the degeneracy is lifted by terms involv-
ing virtual transfer of electron between the covalent ground state
manifold and the singly ionic excited state manifold. The matrix en-
countered in the second-order degenerate perturbation theory for the
case of the one-dimensional Hubbard chain is found to be identical
to the matrix representation of a spin Hamiltonian given by:

HHeisenberg = Z Juu(su ' Su - 1/4) (11)
<pr>

with J = 4#2/U. This spin Hamiltonian is the familiar Dirac-Heisenberg
Hamiltonian [39]. The Heisenberg Hamiltonian does not allow for a
simple analytic solution but the ground and a few elementary exci-
tations can be obtained using the approach of Bethe which has now
come to be known as the Bethe ansatz [40] in the special case of one
site per unit cell. The ground state is a singlet state with energy per
site (—In2 4+ 1/4) in units of J [41]. The higher spin excited states
have zero gap to the ground state in the thermodynamic limit [42].
Neither the Hubbard model nor the Heisenberg model have ana-
lytic solutions even for the ground state in higher than one dimension
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or for that matter, even when the restriction to one site per unit cell
is removed in one dimension.

3 Methods for Solving Model Many-Body Hamil-
tonians

The study of model Hamiltonians of correlated electrons is a very
difficult problem. There does not exist any well-controlled analytical
technique to analyze them reliably, except in limiting cases such as in
the weak correlation limit or the very narrow band limit. Mean-field
and variational calculations can often lead to unphysical solutions
and fare very poorly while describing excited states of the system.
These difficulties have led numerous groups worldwide to develop
reliable nonperturbative numerical methods. It is now clear that
considerable progress can be made towards the goal with the help of
computers at least in the study of quasi-one- dimensional correlated
electron systems. In this section, we will discuss the diagrammatic
valence bond (VB) method which has been widely used for exactly
solving small conjugated systems and briefly touch upon the Quan-
tum Monte Carlo method which has been used extensively in recent
times in the study of Hubbard and “U-V” models mainly in two-
dimensions. Other conventional techniques such as restricted CI,
perturbation and coupled cluster techniques will not be discussed
here.

The Fock space dimensionality is finite when one deals with fi-
nite model systems. Thus, it appears that we can solve the model
Hamiltonians exactly for finite systems and from the finite system
properties, infer the behaviour of the system in the thermodynamic
limit by suitable scaling techniques. However, the dimensionality in-
creases as (25 + 1) for a spin-S chain and as 4N for fermions, where
N is the number of sites. Thus, it is very difficult to carry out brute
force numerical computations on a large system and the exact diag-
onalization studies are primarily restricted to quasi-one-dimensional
systems with very few sites per unit cell.

Even in the simplest cases, to be able to extrapolate properties
to the thermodynamic limit, we need to extend the exact diagonal-
ization technique to the very limit. This involves exploiting all the
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symmetries of the model Hamiltonians discussed in the previous sec-
tion in order to reduce the Hilbert space dimensionalities (as against
the Fock space dimensionality) in each of the subspaces, for a given
system size. For example, the Hamiltonians discussed above con-
serve Sy (total spin of the system), S7, (z-component of the total
spin), while the Fermion models also conserve the total number of
particles, M. Thus, one can choose a particular subspace, labelled
by these quantum numbers and work in a Hilbert space of smaller
dimensions. The general numerical approach for the exact solution
of a finite many-body Hamiltonian involves choosing an appropriate
many-body basis set and setting up the Hamiltonian matrix in the
desired subspace within that basis.

3.1 Diagrammatic Valence Bond Method

An exact diagonalization scheme that has been employed widely
is the valence bond (VB) method and the implementation of the
method in the form described below, was first carried out by Soos
and Ramasesha [43] in 1983. In this method, the Hamiltonian ma-
trix is set-up in the VB basis. The VB method bypasses the cum-
bersome ways of constructing spin-adapted basis functions such as
the symmetric group method and the unitary group method. The
VB functions are, however, non-orthogonal although complete and
linearly independent. In general, this leads to a nonsymmetric rep-
resentation of the Hamiltonian matrix [44]. The nonsymmetric form
of the Hamiltonian matrix is not particularly disadvantageous as will
become evident in the forthcoming discussion.

Given the number of sites, IV, the number of electrons, M, S (to-
tal spin) and M (z-component of the total spin), it is straightforward
to construct a VB basis. It involves explicit spin pairing of electrons
which have opposite spins. This process, however, in general leads to
an overcomplete basis since the number of explicit spin pairs clearly
exceeds the dimensionality of the Hilbert space for a given N, M, S
and M; set as given by the Weyl dimensional formula. The overcom-
pleteness can be avoided easily, by using the Rumer-Pauling rules
[45, 46] the details of which can be found in [44]. It is possible to
exploit the spatial symmetries of the system in VB theory [47]. Be-
sides spatial and spin symmetries, certain systems can be considered
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as bipartite lattices. For such systems, at half-filling, we can also ex-
ploit the alternancy symmetry of the Hamiltonian. This symmetry
divides the Hilbert space into ionic and covalent spaces. The ionic
space does not contain VB diagrams in which every site occupancy
is exactly one while the covalent space contains all such diagrams
besides the ionic diagrams in appropriate linear combinations.

The VB basis (as also a constant M, basis) states are represented
as integers on a computer. For the fermionic models, we associate
each fermionic site with two bits. In our notation, “11”represents
a site which is doubly occupied, “00” denotes an empty site. “10”
corresponds to the beginning of a singlet line or a site which contains
an unpaired up spin while “01” represents the ending of a singlet
line or an unpaired down spin. The Rumer-Pauling rules lead to an
unique association between a 2N bit integer and the VB diagram
corresponding to an S, M; and M value. For spin Hamiltonians,
just one bit per site is sufficient to represent a VB diagram as there
do not exist empty or doubly occupied sites. The bit representation
allows extremely rapid generation of the integers associated with
VB diagrams. These integers are generated in an ascending order
to facilitate the binary search, which allows for rapid setting up of
the Hamiltonian matrix. The Hamiltonian matrix is constructed by
sequentially operating with the Hamiltonian on each state of the
VE basis. The resulting Hamiltonian matrix is usually very sparse
and exploiting the sparseness reduces both the CPU times and the
storage requirement in obtaining a few low-lying eigenstates.

As we are dealing with a non-orthogonal basis set, we obtain
a non-symmetric Hamiltonian matrix. To solve for the eigenvalues
of this non-symmetric matrix, Rettrup’s modification of Davidson’s
algorithm for nonsymmetric matrices is used to obtain a few low-
lying eigenvalues and corresponding eigenvectors of the system [48].

The major problem with exact diagonalization methods is the ex-
ponential increase in dimensionality of the Hilbert space with the in-
crease in the system size. Thus, the study of larger systems becomes
not only CPU intensive but also memory intensive as the number of
nonzero elements of the matrix also increases with system size. With
increasing power of the computers, slightly larger problems have been
solved every few years. To illustrate this trend, we consider the case
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of the spin-1 Heisenberg chain. In 1973, ten years before the Haldane
conjecture, De Neef [49] used the exact diagonalization procedure to
solve a 8-site chain. In 1977, Blote [50] diagonalized the Hamiltonian
of a chain of 10 sites. In 1982, Botet and Jullien [51] increased this
to 12 sites. In 1984, Parkinson and Bonner [52] solved the 14-site
spin-1 problem. In the same year, Moreo [53] solved the 16-site spin-
1 chain. In 1990, Takahashi [54] pushed this up to 18 sites. And
in 1994, Golinelli et al. [55] have solved for the low-lying states of a
22-site spin-1 chain. The growth in chain length of the longest spin-1
chain solved is almost linear with time, roughly increasing by 2 sites
in every three years. Just to remind ourselves, the Fock space dimen-
sionality increases as 3" with chain length N. The size of the matrix
also increases similary and the CPU and storage scale quadratically
in the size of the matrix, if we are targeting only a few eigenstates.
Currently, a sixteen-carbon polyene can be studied within a PPP
model using the VB technique to obtain a few exact low-lying states
of the Hamiltonian in different subspaces. The singlet space of this
system is spanned by about 35 million VB states. In fact, a sim-
ilar number of VB states span the singlet subspace of the 32-spin
Heisenberg system.

The exact diagonalization method has been widely exploited in
the study of polyenes as well as small conjugated molecules. It has
also been employed in studying spin systems and systems with in-
teracting fermions and spins such as Kondo lattices. These studies
have been mainly confined to low- dimensions. The exact diago-
nalization techniques also allow bench-marking various approximate
many-body techniques for model quantum cell Hamiltonians.

3.2 Quantum Monte Carlo Methods

Another technique which has gained prominence in recent years is
the Quantum Monte Carlo (QMC) technique. This technique maps
a d-dimensional quantum model onto a d + 1 dimensional classical
model via a Trotter decomposition of the partition function or the
ground state projection operator [56, 57]. The quantum model is
then studied by performing a Monte Carlo sampling procedure on the
classical model in higher dimension. For fermions, the mapping of
the interacting quantum model system to the classical system could
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be effected via a discrete Hubbard-Stratanovich tranformation which
replaces each interaction term in the Hamiltonian by a noninteract-
ing term in the presence of a fluctuating Bosonic field provided by
a S=1/2 Ising spin [58]. The size of the classical lattice that is sim-
ulated thus depends upon the number of interactions present in the
Hamiltonian as well as the temperature of simulation. For obtaining
ground- state properties, the simulation needs to be carried out at
very low temperatures. Thus, the number of discrete steps along the
Trotter axis increases as the temperature is lowered. For the Hub-
bard model, the number of Ising-fields per interaction is one while
for every intersite interaction the number of Ising-fields encountered
is four. Thus, the QMC method is best suited for Hubbard models.
The QMC technique is basically a ground-state technique. While it is
possible to obtain excited states of the systems by using symmetrized
sampling procedures, it could turn out to be very CPU intensive [59].
Besides, away from half-filling, the QMC technique also suffers from
the 'negative’ sign problem. While the latter can be controlled to
some extent by using schemes such as the constrained-path QMC
simulations [60], the problem is endemic to fermion systems. The
QMC method has been mainly employed in the simulation of higher
dimensional Hubbard models and in some cases, “U-V” models for
system sizes of ~ 10% sites [61].

4 DMRG Method

The method which held the promise of overcoming the difficulty of
exploding dimensionalities is the renormalization-group technique in
which one systematically throws out the degrees of freedom of a
many-body system. While this technique found dramatic success in
the Kondo problem [62], its straightforward extension to interacting
lattice models was quite inaccurate [63].

Recently, the key problems associated with the failure of the old
RG method have been identified and a different renormalization pro-
cedure based on the eigenvalues of the many-body density matrix
of proper subsystems has been developed [64, 65]. This method
has come to be known as the density matrix renormalization group
(DMRG) method and has found dramatic success in dealing with
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quasi-one-dimensional many-body Hamiltonians. Here, we will dis-
cuss first the standard real-space quantum RG method and then we
will introduce the DMRG method.

4.1 Standard real-space quantum RG procedure

In this approach, one begins by subdividing the total system into
several blocks A, and proceeds to iteratively build effective blocks
so that at each iteration, each effective block represents two or more
blocks of the previous iteration, without increasing the Fock space
dimensionality of the blocks from what existed at the previous iter-
ation. Usually, one starts with each A, consisting of a single site.
Since the Hilbert space grows exponentially with the increase in sys-
tem size, one truncates the number of states kept at each iteration.
The quantum RG procedure proceeds as follows:

1. Choose p consecutive blocks Al(-o) . Al(i)l, Az(i)z’ - AE—?—)p—l from

the set A1(10) .

2. Construct the Hamiltonian matrices, H ) ,0) 4 (0)
A7 A A L A
from Hamiltonian matrices of the individual blocks, Az(o) , A§931,
AE%, cn Afi)p_l and the matrices of relevant site operators ap-
pearing in the interblock terms in the Hamiltonian consisting

of the chosen blocks 4, i+ 1,4+ 2, ...,i+p— 1.

3. Diagonalize the Hamiltonian, H A0 40 4@ 4@ and obtain
%

1+17 42 4 p—1
m eigenvectors corresponding to the m lowest energy states.

4. Take the new block Al(l) to be represented by the diagonal ma-
trix which has the m lowest energy eigenvalues on the diagonal.

5. Transform all the operators corresponding to the block such
as the creation and annihilation operators, number operators,
spin operators etc., to the basis of the m chosen eigenvectors.

6. Go to (1) and iterate until the energy/site converges.

The main reason for the failure of this method is the choice of the
states retained at each stage of the iteration as discussed by White
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and Noack [64]. It can be shown that retaining only the ground states
or a few eigenstates of the Hamiltonian of p-blocks is not sufficient
to construct the ground state of the full Hamiltonian. This problem
can be overcome to some extent by choosing to retain eigenstates of
the p-block Hamiltonian obtained from different boundary conditions
imposed upon the block. This is, however, a cumbersome procedure
for dealing with interacting model Hamiltonians [64].

4.2 Truncation scheme based on density matrix eigen-
values

S.R. White [65], in 1992, introduced a completely different trunca-
tion procedure than the one that was used in the old quantum RG
procedures. White recognized that the weakness of the old RG pro-
cedure was in the truncation of the Fock space of a block based on
the eigenvalues of the block Hamiltonian being renormalized. He re-
placed this choice by the eigenvalues of the reduced density matrix of
the block constructed from the desired state of the full Hamiltonian.
The truncated Fock space is now spanned by the m eigenvectors of
the reduced density matrix of order ! x [ corresponding to the m
highest eigenvalues of the reduced density matrix. The reason for
choosing the eigenvalues of the reduced density matrix as a criterion
for implementing a cut-off is that, the larger the density matrix eigen-
value, the larger is the weight of the eigenstate of the density matrix
in the expectation value of any property of the system. This result
becomes evident when all the dynamical operators are expressed as
matrices in the basis of the eigenvectors of the density matrix. The
expectation value of any operator A is simply:

<A>= ZAi,ipi/ Zpi (12)

where p; is the density matrix eigenvalue and the larger p;, the larger
is its contribution to the expectation value.

The many-body density matrix of a part of the system can be
easily constructed as follows. Let us begin with given state | >g of
S, which is called the universe or superblock, consisting of the system
(which we call a block) A and its environment A’. Let us assume that
the Fock space of A and A’ are known, and can be labelled as |z >4
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and |7 > 4. The representation of |y >g in the product basis of A
and A’ can be written as:

[ >5=> ijli >a x|j >a (13)
i,j

where we assume the coefficients 1); ; to be real, without loss of gen-
erality. Then the reduced many-body density matrix for block A, is
defined as:

Pry =Y Wk
J

The eigenvalue, p; of the density matrix p, gives the probability
of finding the corresponding eigenstate |u; >4 in the projection of
|p >g on block A. It therefore follows that the eigenvectors with
highest eigenvalues of the density matrix of A, are the optimal or
most probable states to be retained while the system is augmented.

In the early literature in quantum chemistry, the eigenvectors
corresponding to large eigenvalues of one-particle density matrices
were employed as the orbital basis for carrying out a configuration
interaction (CI) calculation. The eigenvectors of the density matrix
were called the ‘natural’ orbitals and it was observed that the CI pro-
cedure converged rapidly when the ‘natural’ orbitals were employed
in setting up the Slater determinants [66)].

The DMRG scheme differs from the ‘natural’ orbital scheme in
two important respects: (i) the reduced density matrices are many-
body density matrices and (ii) the size of the system in terms of the
number of sites being studied at each iteration is usually augmented
by two sites. However, the Hamiltonian matrix that one encounters
from iteration to iteration, remains roughly of the same order while
the matrix elements keep changing. In this sense, the procedure
can be called a renormalization procedure. The coupling constants
(the Hamiltonian matrix elements) keep changing while the system
size increases, as in the RG procedure carried out within a blocking
technique.
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4.3 Implementation of the DMRG method

We now describe the procedure to carry out the computations. One
starts the computation with a small size system, 2n, which can be
exactly solved, 1 < n < 4, depending on the degree of freedom at
each site. By exact diagonalization, one gets the desired eigenstate of
that system. The density matrices of the left and right blocks, each
consisting of n sites (in principle it is not necessary to have the same
number of sites for the two blocks, although in practice this is what
is most generally used), are obtained from the desired eigenstate.
The density matrices are diagonalized and at the first iteration usu-
ally all the density matrix eigenvectors (DMEV) are retained. The
Hamiltonian matrix of the left and right blocks (denoted A and A’)
obtained in any convenient basis are transformed into the density
matrix eigenvector basis. So also are the matrices corresponding to
the relevant site operators in both blocks. Now, the iterative proce-
dure proceeds as follows:

1. Construct a superblock S = AeeA’ consisting of the block A,
two additional sites o and ¢’ and the block A’. Thus, at the
first iteration, the system S has (2n+2) sites.

2. Set up the matrices for the total Hamiltonian of the superblock
S in the direct product basis of the DMEV and the Fock space
states of the new sites.

3. Diagonalize the superblock S to find the desired eigenstate
|p >. At this point, expectation values of the various oper-
ators of interest can be evaluated.

4. Construct the reduced many-body density matrix, p, for the
block Ae. If the system does not possess reflection symmetry,
construct the density matrix, p', for the right block e A’ as well.

5. Diagonalize the density matrix, p (and if necessary p’). Usu-
ally, the density matrix is block-diagonal in the number oper-
ator corresponding to the block and in the z— component of
the total spin of the block. Exploiting the block diagonal form
of the density matrix while diagonalizing it proves to be com-
putationaily efficient. Construct a nonsquare matrix O, with
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m columns, each column being an eigenvector of the density
matrix corresponding to one of the m largest eigenvalues. The
number of rows in the matrix O corresponds to the order of
the density matrix.

6. Construct the matrices corresponding to the Hamiltonian, H 4,,
of the new left block Ae, and the site creation operators of
all the necessary sites. That of the annihilation operators are
simply the adjoints of the creation operators. It is some times
computationally efficient to store matrices of operators such as
occupation number and site spin operators, although these can
be computed from the matrices for the site creation operators.

7. Renormalize all the matrices corresponding to the block and
site operators by using the RG transfomation matrix O [eg:
Hye = OH A.OT]. The resulting renormalized matrices are of
order m xm and the procedure amounts to simultaneous change
of basis and truncation.

8. Replace the block A by Ae. If the system does not possess
reflection symmetry, replace A’ by A's.

9. Go to step 1.

Using the block-diagonal nature of the density matrix, besides
reducing the requirement in CPU time, also allows one to label the
DMEYV by the appropriate particle number(n,) and the z— compo-
nent of the total spin of the block (M 4). The Fock space of the
individual sites that are added at each iteration are eigenstates of
the site spin and number operators. This allows targeting a definite
particle number (N,) and a definite projected spin (M) state of the
total system.

At this point it is useful to pause and describe the notation we
have used for various states. A state of Ae is given by the tensor
product of a state of A with quantum number ¢ and an index ¢, and
a state o of the additional site. Thus,

Ig,%,0 >4e=|q,% >4 X|o > (14)
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A state of a superblock S = A e e A’ is given by:

’(IA,MU;CIA',V,T >= IQAa,UaU > Ae X|QA’7VaT >ed’ (15)

The eigenstate of the Hamiltonian of the super-block can be writ-
ten as:

|¢ >5= Z Zﬁ/’qA,’o’TiqAauaa;QA’aV7T >3 (16)

GAsq A7 14,V,0,T

The density matrix for Ae then will have a block structure and
can be expressed as

gA,0 __ GA-Q47,0,T 1 QAq 41,0,
Puy = Z o v (17)

qani',T

The above algorithm is called the infinite lattice DMRG algo-
rithm because this procedure is best suited for the system in the
thermodynamic limit, ¢.e., when the properties of the system are
extrapolated to the infinite system-size limit.

4.4 Finite lattice DMRG algorithm

If we are interested in accurate properties of the system at a cho-
sen size, then it is possible to improve upon the accuracies obtain-
able from the infinite DMRG procedure. This involves recognizing
that the reduced many-body density matrices at each iteration cor-
respond to a different system size. For example, when we carry out
the DMRG procedure to obtain the properties of a system of 2M
sites, at an iteration corresponding to 2p sites (n < p < M), the
reduced density matrix we construct is that of a block of p sites in
a system of 2p sites. However, if our interest is in the 2M-site sys-
tem, we should employ the density matrix of the block of p sites in
a 2M-site system. It is possible to construct, iteratively, the p-site
reduced density matrix of the 2M-site system. This is achieved by
the so called finite-size algorithm.

To obtain the 2M-site result, we should perform the infinite lat-
tice algorithm up to | = (M — 1) sites first storing all operators in
each iteration. Now the algorithm for finite lattices with reflection
symmetry, proceeds as follows:
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. On reaching a system size of 2M sites, obtain the density ma-

trix of the block of M sites.

. Use the density matrix of M sites on the left and that of (M —2)

sites on the right, add two new sites as in the infinite DMRG
procedure and obtain the desired eigenstate of the 2M system.

. Now obtain the reduced density matrix of the (M + 1) sites

from the eigenstate of the previous iteration obtained in the
direct product basis of the DMEVs of the M-site, (M — 2)-site
density matrices, and the Fock space states of the individual
sites.

. Go back to step 2, replacing M by (M + 1) and (M — 2) by

(M — 3) and iterate until a single site results on the right and
(2M — 3) sites result on the left.

. Since the system has reflection symmetry, use the density ma-

trix of the (2M — 3) sites on the right and construct the 2M
system as built-up from three individual sites on the left and
(2M — 3) sites on the right. Obtain the desired eigenstate of
the 2M system in this basis.

. Now obtain the new 2-site density matrix on the left and (2M —

4) site density matrix on the right. Replace the single-site on
the left by two sites and (2M — 3) sites on the right by (2M —4)
sites in step 5.

. Repeat steps 5 and 6 until (M — 1) sites are obtained both on

the left and right. The properties of the 2M system obtained
from the eigenstates at this stage corresponds to the first it-
eration of the finite-size algorithm. We can now go back to
step 1 and carry through the steps to obtain properties at later
iterations of the finite-size DMRG algorithm.

In systems without reflection symmetry, the DMEVs of the right

and left parts are not identical even if the sizes of the reduced systems
are the same. The finite-DMRG algorithm in this case involves first
constructing the density matrices of the left part for sizes greater than
M and on reaching the density matrix of (2M — 3) sites, reducing
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the size of the left-part and increasing that of the right, from one
site to (M — 1). This will result in the refined density matrices of
both the right and the left block of the total system, for block sizes
of (M — 1). At this stage, we can compute all the properties and
continue the reverse sweep until the right block is of size (2M — 3)
and the left block is of size 1. The forward sweep that follows will
increase the block size on the left and decrease that of the right. We
would have completed the second iteration when the two block sizes
are equal. The forward and reverse sweeps can be continued until we
reach the desired convergence in the properties of the whole system.

The finite-size DMRG algorithm provides high-accuracy solutions
even when the states of the full Hamiltonian have inhomogeneous
(symmetry breaking) properties.

4.5 Periodic boundary conditions

While for systems with periodic (PBC) or antiperiodic (ABC) bound-
ary conditions, the same algorithms described above can be used
without modifications, by simply adding the additional bond be-
tween the open ends of the blocks A and A’, the procedure turns
out to be computationally inefficient. In such a procedure, the ad-
ditional interaction involves taking direct product of two matrices
corresponding to site operators which are both in the DMEV basis.
These matrices in the DMEV basis are of order (m xm), m ~ O(10?),
and the direct products lead to a very large number of nonzero matrix
elements in the Hamiltonian matrix of the full system. However, if
one chooses to modify the algorithm such that one new site is added
in the middle of the two blocks and another at the end of either of
the two blocks (instead of adding both the new sites in the middle
of the system), the Hamiltonian matrix would involve direct product
of one matrix of order ¢ x ¢ (¢ is the Fock space dimensionality of
a single site) and another of order m x m, consequently the total
Hamiltonian matrix would be more sparse [65]. However, it still re-
mains true that the DMRG algorithm is more accurate for systems
with open boundary conditions than the corresponding systems with
closed boundary conditions.
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4.6 Computation of properties

At the end of each iteration, one can calculate the properties of the
targeted state [67]. The reduced many-body density matrix com-
puted at each iteration can be used to calculate the static expecta-
tion values of any site operator or their products. Care should be
taken to use the density matrices appropriate to the iteration. The
expectation value of a site property corresponding to the operator

/L- can be written as:
< A >=TrpA; (18)

p is the density matrix of the block in which the site 7 is situated
and A; is the matrix of the renormalized site operator at site <. For
calculating correlation functions, one can use a similar equation. The
correlation function between two site operators belonging to separate
blocks can be written as:

< AiAj >=Tro(A))(Ay) (19)

However, the accuracy of this procedure turns out be very poor if
the sites 7 and j belong to the same block [65]. The reason is that a
feature implicit in the above procedure is the resolution of identity
by expansion in terms of the complete basis. Unfortunately, the basis
in which the site operators are represented is incomplete and such
an expansion is therefore error prone. To circumvent this difficulty,
it has been suggested [65] that, one obtains the matrix representa-
tion of the products of the site operators from the first occurrence of
the product pair < 75 > and, by renormalizing the product operator
Ai/ij, at every subsequent iteration until the end of the RG proce-
dure. Then, the correlation function between A; and /Alj (where 4
and j belong to the same block) can be evaluated as:

< AiA]' >= TTp(AiAj) (20)
This procedure is found to be reasonably accurate in most cases.

4.7 Comments on the implementation of the method

We have implemented the DMRG code in FORTRAN language. The
only in-core algorithm we need to use is the matrix diagonalization
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algorithm for the diagonalization of the density matrices and the
diagonalization of the “small” matrices encountered in the Davidson
algorithm for low-lying eigenstates of sparse symmetric systems.

All the matrices computed at each DMRG iteration are stored in
compact sparse form. This leads to savings in storage as well as CPU
by avoiding doing arithmetic with zeroes. The CPU requirement to
calculate an eigenvalue and the associated eigenvector by the David-
son’s algorithm then scales as the number of nonzero elements of the
superblock Hamiltonian. It is possible to avoid storing the entire
Hamiltonian matrix of the superblock and computing the necessary
matrix elements of the superblock Hamiltonian from the matrices of
the site operators and the block Hamiltonians, during every David-
son iteration. However, for the systems we have studied, we find this
procedure to be slower than storing the superblock Hamiltonian ma-
trix during Davidson iterations. Most of our calculations have been
carried out on IBM RISC machines and DEC Alphas.

4.8 Accuracies and applications of the DMRG method

The overall accuracy of the DMRG method is exceptionally high for
one-dimensional systems with only nearest neighbour interactions.
For a spin-1/2 chain where exact Bethe-ansatz ground-state energy
is available, the DMRG ground-state energy per site is found to be
accurate to seven decimal places with a cut-off m = 100 [65]. The
method is found to be almost as accurate for the one-dimensional
Hubbard model, where again it is possible to compare the DMRG
results with exact results obtained from the exact Bethe-ansatz so-
lution [68]. The reason why the DMRG method for the spin-1/2
model is more accurate than that for the Hubbard model has its
origin in the dimensionality of the individual site Fock space in the
two cases. This dimensionality is 2 in the spin-1/2 case while it is 4
in the fermionic system. Thus, the truncation is more severe in the
Hubbard model compared to the spin-1/2 Heisenberg model, for the
same DMRG cut-off m.

The density matrix eigenvalues sum to unity and the truncation
error, which is defined as the sum of the density matrix eigenvalues
corresponding to the discarded DMEV, gives a qualitative estimate
as to the accuracy of the calculation as well as providing a framework
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for the extrapolation to the m — oo limit. The accuracy of the re-
sults obtained in this way was unprecedented [69, 70]. The accuracy
of the ground state energy per site for the spin-1 chain is limited by
the precession of machine arithmetic, i.e., eg = 1.401484038971(4).
Similarly, the accuracy persists even while calculating for the Hal-
dane gap, e.g., the gap was evaluated to be 0.41050(2).

Extending the range of interactions to nearest and next-nearest
neighbours does not significantly deteriorate the accuracy [71]. How-
ever, inclusion of cyclic boundary conditions reduces the accuracy
of the method significantly, although in one-dimension, the DMRG
method still would outperform any other method for the same system
size. In the DMRG procedure, the most accurate quantity computed
is the total energy. In dealing with other quantities such as correla-
tion functions, caution must be exercised in interpreting the results.

Finite size algorithms have been used extensively to study the
edge states and systems with impurities, where substantial improve-
ment of the accuracy is needed to characterize the various proper-
ties of a finite system. The DMRG method has been applied to
diverse problems in magnetism: study of spin chains with s > 1/2
[72], chains with dimerization and/or frustration [71, 73, 74], cou-
pled spin chains [71, 75, 76], to list a few. The method has also
been used to study models with itinerant fermions [77, 78], Kondo
systems[79, 80, 81, 82], as well as coupled fermion chains [83, 84],
including doping. Formulations for systems with a single impurity
[85, 86] as well as randomly distributed impurities [87] and disorder
[88] have also been reported. There has also been a study of the
disordered bosonic Hubbard model in one dimension [89].

Highly accurate studies of the structure factor and string order
parameter (topological long range order) [69] as well as edge states in
Haldane phase systems [90] have been performed. Dynamical proper-
ties for both spin and fermionic systems with DMRG have also been
reported within the Maximum Entropy Method [91] as well as con-
tinued fraction [92] and correction vector [93] approaches. Finally,
DMRG has been successfully formulated to obtain low-temperature
thermodynamic properties for various spin systems [94, 95] and the
solution of models of spin chains dynamically coupled to dispersion-
less phonons [96].
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Recently, we have developed a symmetrized DMRG (SDMRG)
method to target the desired excited states very accurately [97].
This will find application in calculating various properties related
to optical spectroscopic studies [98]. Furthermore, Nishino and Oku-
nishi have derived two reformulations of DMRG, namely, the prod-
uct wavefunction renormalization group (PWFRG) [99] and the cor-
ner transfer matrix renormalization group (CTMRG) [100] methods.
These methods offer the means of calculating dynamical correlation
functions in spin chains as well as highly accurate results for the
2-dimensional Ising model at criticality.

4.9 Remarks on the DMRG method

The DMRG method is currently the most accurate method for large
quantum lattice models in one dimension. It can be applied to in-
teracting bosonic, fermionic or spin models as well as to models
which have interactions amongst them. Since higher dimensional-
ity is tantamount to longer-range interactions within one dimension,
the model also restricts the range of interactions in one dimension.
It has been surmised that the number of DMEVs that should be re-
tained in a calculation on higher dimensional systems, for accuracies
comparable to accuracy in one dimension, scales exponentially with
dimensionality. Thus, to obtain accuracy comparable to that ob-
tained in a chain of L-sites for a cut-off m, in a L x L square lattice,
the number of DMEVs needed to be retained for the corresponding
2-dimensional lattice is &~ m?.

Another aspect of the DMRG technique worth noting is that
the method is best suited for targeting one eigenstate at a time.
However, it is possible to obtain reasonable results for a set of states
by using an average many-body reduced density matrix constructed
as a weighted sum of the density matrices corresponding to each of
the states in question. One way of constructing the average density
matrix is by using a statistical weight for the chosen set of states and
the averaged density matrix in this instance is given by:

okt = (D Vi jtbiug)expl—Peil /Y exp[—Pei (21)
7 7

)

One can thus construct the averaged density matrix for 7' # 0 and
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extend the method to finite temperatures.

5 Symmetrized DMRG for the Excited States

The Density Matrix Renormalization Group (DMRG) method [65,
101] has proved to be an accurate technique for obtaining a few
low-lying states of interacting model Hamiltonians with short-range
interactions in low-dimensions [69, 102, 103]. This technique would
find wide applications in the electronic structure studies of conju-
gated polymers and donor-acceptor systems, if we can obtain excited
eigenstates in different symmetry subspaces. However, the DMRG
techniques reported in the literature for fermions can exploit only
the conservation of the z-component of the total Spin (S7;) and to-
tal number of particles (Vi) in the system [104, 105, 83]. Using
these symmetries one can obtain a few (about ten) low-lying states
in different M, and N sectors [101]. This is due to the limitation on
the number of eigenstates that can be targetted effectively because of
the large matrices that one encounters in the DMRG algorithm. Ad-
ditionally, the Hamiltonians being spin conserving, the states with
higher total spin repeat in many M, sectors. For example, triplet
states will be present in the M; = 0,+1 and —1 sectors. There-
fore, obtaining the second singlet state usually requires targetting
the third state in the M; = 0 sector and eliminating the M, = 0 in-
truder triplet state. Besides, with increasing system size, the number
of intruders also increases. Thus, the inclusion of just these symme-
tries is not sufficient to make detailed comparisons between theory
and experiments that probe excited states.

In a system with spatial symmetries, the states important from
.the point of view of optical (one-photon) spectroscopies always lie in
a spatial symmetry subspace different from the subspace in which the
ground state is found. For example, in Hubbard chains, the ground
state is in the A subspace while the dipole-allowed excited states are
in the B subspace [106].

Hubbard chains at half-filling also possess electron-hole symme-
try. This allows labelling of the states as either '+/) corresponding
to covalent subspace, or '~/ corresponding to ionic subspace. The
dipole-allowed excited states are found in the '’ subspace while the
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ground state is in the '+’ subspace. The number of higher energy
states in the '+’ subspace intruding below the lowest '—' subspace
state increases as the strength of electron correlation U/t increases
[107]. Hence, if this symmetry is not incorporated, many '+’ space
states intrude below the lowest '~ space state, rendering the opti-
cally allowed excited state difficult to access computationally.

5.1 Implementation of the symmetries within DMRG
method

In the implementation of the symmetrized DMRG scheme, we use the
group theoretic projection operators for projecting the direct prod-
uct DMRG basis functions onto different symmetry subspaces. The
symmetries we have incorporated are the electron-hole symmetry, J,
end-to-end interchange symmetry of chains, Cy and spin parity, P.
The latter two symmetries have been employed within the DMRG
scheme for spin chains. While the full spin symmetry classification
can be incorporated into the scheme using Clebsch-Gordon coeffi-
cients [108], for the present we have only included parity which bi-
furcates the space of spin eigenvectors into even (e) and odd (o) spin
spaces.

The electron-hole symmetry operator interchanges, with a phase,
the creation and annihilation operators at a site,

o} = (-1)"b; (22)
where 7); is zero for sites on one sublattice and unity for sites on the
other. Thus, the Fock space of a single site i, under electron-hole
symmetry transforms as J;|0 >= | 11>, J;| +>= (=1)}| t>, Ji| {>=
(=1)| 1>, Ji| t14>= (=1)|0 >. The full electron-hole symmetry
operator, J , s given by the direct product of the single site operators:

J = H jz (23)

The parity operator at a site i, P, flips Athe electron spin at the
site. Thus, B|0 >= [0 >, B| [>= | 1>, B| t>=| >, B ti>=
(=1)| ti>. The full parity operator for the system is also given by
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the direct product of the single site parity operators:

P=TI% (24)

The C, symmetry interchanges the states of the left and right
halves of the system with a phase factor. Thus, C5 operating on the
direct product state |u,o,0’, ' > gives:

CA'?IP’HUa OJMUII >= (_l)ﬂrlp’,aal’aa/‘ >
¥ = (ny + ng)(ny + ngr) (25)

where u(u') refers to the u*(u/™*) eigenvector of the left (right) den-
sity matrix while o(o’) refers to the Fock space state of the new left
(right) site as in the standard DMRG procedure, and n,, ny, n,
and n, are the occupancies in the states |u >, |4/ >, |0 > and
|o' >, respectively.

The operators Co, J and P commute amongst each other and
the group formed by identity and these symmetries consists of eight
elements with the remaining four elements resulting from the closure
condition. This group being Abelian has eight irreducible represen-
tations which are labelled AT, €A™, °A*, °A~, ¢B* ¢B~, °BT,
°B~.

The projection operator for a given irreducible representation, I,
from standard group theory is given by:

Pr=>-Y xr(B)R (26)

where R’s are the symmetry operators, XI‘(R) is the character of R
in I' and A is the order of the group. The construction of the sym-
metry adapted direct product states consists in sequentially operat-
ing on each of the direct product states by the projection operator,
P. However, the resulting basis is linearly dependent and these lin-
ear dependencies have to be eliminated to avoid working with an
overcomplete basis. The number of linearly independent functions
spanning the desired subspace is known a priori and is given by:

Ir = %Z XF(R)XTed.(R) (27)
R
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where Xyeq.(R) is the trace of the matrix of the symmetry element
R in the DMRG representation. This allows terminating the Gram-
Schmidt orthonormalization process when the number of orthonor-
mal functions obtained is [p. In practice, we first obtain the matrix
representation of Pr in the direct product DMRG basis in a way
which is analogous to the setting-up of the full Hamiltonian matrix
from the blocks. The linear dependencies discussed above manifest
as linearly dependent rows of the matrix of Pr.

The computational procedure involves obtaining the matrix rep-
resentation of the symmetry operators of the (2n + 2) site chain in
the direct product basis. The matrix representation of both J and
P for the new sites in the Fock space is known from their defini-
tions. Similarly, the matrix representations of the operators J and
P for the left (right) part of the system at the first iteration are also
known in the basis of the corresponding Fock space states. These
are then transformed to the density matrix eigenvectors basis. The
matrix representation of the symmetry operators of the full system
in the direct product space are obtained as the direct product of the
corresponding matrices:

< u,o, O'/,,U,I‘Rzn_*_Q‘V, 7V >=
< p|Rulv >< o|Ri|T >< o'|Ry|7" >< | Rl > (28)

At the next iteration, we require the matrix representation of the
symmetry operators in the basis of the eigenvectors of the new den-
sity matrix. This is achieved by obtaining the matrix R as a direct
product of R,, and R; given by:

< p,0|Ruslv, T >=< plRolv >< o|Bilr>  (29)
This matrix is renormalized by the transformation
R,,1 = O'R,;,0 (30)

where O is the matrix whose columns are the chosen eigenvectors of
the density matrix.

The matrix representation of Cy is quite straightforward in that
each state |u, 0,0, 4’ > is mapped into a state |p',0', 0,4 > with a
phase factor. Thus, each row in the matrix of Cs contains only one
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element and the entire matrix can be represented by a correspondence
vector. The matrices J and P are also rather sparse and can be stored
in sparse form to avoid doing arithmetic with zeroes. This aspect of
the computation turns out to be crucial for the implementation of
the scheme since the dimensionality of the direct product space is
usually very large (about 10° for a cut-off of m=150).

The coefficients of the direct product functions in the symmetrized
basis form a matrix S. The Hamiltonian matrix in the direct prod-
uct basis can be transformed to the Hamiltonian in the symmetrized
basis by the transformation

Hopyor = S} Hani2Sr (31)

The size of the symmetrized Hamiltonian matrix is of the order
2000 x 2000 for a cut-off of m = 100. The low-lying eigenstates
of this matrix can be obtained by Davidson’s algorithm.

To proceed to the next iteration, the eigenvector obtained in
the desired symmetry subspace is back transformed to the unsym-
metrized basis by using the S matrix as follows:

Y = Stsymm (32)

The resulting unsymmetrized eigenvector is used to obtain the den-
sity matrix of the half-blocks as in the standard DMRG algorithm.
The symmetrization procedure is essentially restricted to obtaining
the Hamiltonian matrix of the full system in a particular symmetry
subspace. This process continues till the desired number of sites is
reached (basis for the finite size algorithm) or till the energy per site
converges (infinite size algorithm).

The symmetry adaptation scheme described above has been im-
plemented both within the infinite chain DMRG algorithm and within
the finite system algorithm. In the finite size algorithm, we encounter
different fragments for the left and right parts of the system in each
finite size iteration. Thus, we cannot incorporate the Cy symmetry
except when the left and right parts of the system are equivalent,
i.e., at the end of each finite size iteration. The matrices for all the
other symmetry operators can be self-consistently built up to define
the particular finite size fragment in each step of finite size algorithm.
Incorporating the Cp symmetry in the final step of each finite size
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Figure 1: Optical gap (in unit of t) as a function of inverse chain
length for Hubbard chains with U = 4.0t and U = 6.0t; m corre-
sponds to the number of density matrix eigenvectors retained in the
DMRG procedure.

iteration ensures that the targetted state is in the desired symmetry
subspace. Without iterating over the density matrices of the frag-
ments (i.e., within the infinite system algorithm), we find that the
energy difference between a chain of length N with N+1 and N -1
electrons is equal to the Hubbard parameter U to an accuracy of
~ 1073. After three iterations of the finite system algorithm, the
accuracy improves to ~ 1075, for a value of U = 4t.

5.2 Accuracy of the SDMRG method

As test of the above technique, we present results of DMRG calcu-
lations for uniform Hubbard chains at half-filling, for U/t of 4.0 and
6.0, with chain lengths of up to 50 sites. The exact optical gaps
in both cases can be obtained from the Bethe ansatz solution for
comparison with our technique. We have obtained the lowest energy
states in all the eight subspaces (of C,, J and 15), keeping 70 to 150
eigenvectors of the density matrix. The extrapolated ground state
energy per site of the infinite chain

for both values of U/t agrees with the exact values of 0.5737331¢ and
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Figure 2: Spin gap (defined in the text, in unit of t) as a function of
1/N for Hubbard chains with U = 4.0t and U = 6.0¢; m corresponds
to the DMRG cut-off. Model exact spin gaps vanish for infinite
chains.

0.4200125¢ respectively to 5 decimal places.

The energy of the one-photon transition from the ground state
(lying in the A1 subspace) to the lowest energy state in the ¢B~
subspace defines the optical gap of the chain. In Fig. 1, we show
a plot of optical gap ws. inverse chain length (1/N) for U/t = 4.0
and 6.0 for different values of the cut-off m. The optical gaps for
these values of U/t, from the Bethe ansatz solution for the infinite
chain, are 1.2867¢ for U/t = 4.0 and 2.8926¢ for U/t = 6.0 [26]. The
corresponding extrapolated values from a polynomial fit in powers of
1/N from DMRG are 1.278¢ and 2.895¢, obtained with a cut-off of
m = 150 for U/t = 4.0 and m=100 for U/t = 6.0. We also find that
the DMRG optical gap tends to saturate at shorter chain lengths as
we decrease m. The fit of the optical gap to 1/ is a reasonably good
straight line although the best fit is to a polynomial in this variable.

In Fig. 2, we plot the spin gap which we define as the energy
gap between the lowest triplet state and the ground state singlet
as a function of 1/N. The Bethe ansatz solution yields a vanishing
spin gap in the thermodynamic limit of the uniform Hubbard chain.
Polynomial fits to our DMRG data are consistent with this.
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Figure 3: Energy gaps (measured from the ground state) of the lowest
state in each subspace for chain length varying from 40 to 50, for two
different values of U/t. The level ordering is Ee g+ < Eo g+ < Eopt+ <
EeB+ < EeB— < EeA— < EoB— < EOA——.

In Fig. 3, we present the energy gaps, relative to the ground
state, obtained by solving for the lowest energy state in each of the
eight subspaces, for Hubbard chains with 40 to 50 sites, for two
values of U/t. The excitations clearly break up into two bands. The
lower energy excitations correspond to states of different symmetry
in the covalent subspace (i.e. predominantly spin-like excitations),
while the higher energy excitations correspond to the ¢onic subspace
(i.e. charge-like excitations). With increasing U/t the states in the
covalent subspace are less dispersed and so are the states in the zonic
subspace. However, with increase in U/t, the gap between the two
bands increases. This feature is in agreement with the basic physics
of the Hubbard models.
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6 Dynamical Nonlinear Optical Coefficients
from the SDMRG Method

The DMRG method [64, 65], as it was first introduced, is essentially
a static technique for a few low-lying eigenstates. Extension of the
method [97] to access higher energy excited states in chosen symme-
try subspaces, as discussed in the previous section, allows detailed
comparisons of these states with results from optical spectroscopic
studies [2, 109, 110]. This is particularly useful in understanding the
electronic structure of conjugated polymers as has been borne out
by recent DMRG studies of poly-para-phenylenes (PPP) and poly-
para-phenylene vinylenes (PPV) [67, 111].

One of the main properties of interest in the field of conjugated
polymers is the study of their dynamic nonlinear optical (NLO) re-
sponse [112, 113]. It is a major challenge to obtain reliable dynamics
of interacting electron systems. While for short oligomers there ex-
ist reasonable approximations for computing these properties [114],
for longer chains even within model Hamiltonian approximations,
the dynamic NLO coefficients had proved elusive. Yet most interest
lies in the longer chains since the dynamic NLO properties exhibit
dominant finite-size effects.

The dynamic response functions of finite interacting systems have
most commonly been obtained from an explicit computation of the
eigenstates of the Hamiltonian and the matrix elements of the ap-
propriate operators in the basis of these eigenstates [115]. This has
been a widely used method particularly in the computation of the
dynamic NLO coefficients of molecular systems and is known as the
sum-over-states (SOS) method. In the case of model Hamiltonians,
the technique that has been widely exploited to study dynamics is
the Lanczos method [116]. The spectral intensity corresponding to
an operator O is given by:

1 ) A
(@) = =~ Im[< G|O' L _odes] 33
v (w+ Ep +1ie — H)

where |G > is the ground state eigenvector of the Hamiltonian H,
with eigenvalue Ej, w is the frequency at which the response is
sought, € is the mean life time parameter. In the Lanczos method,
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I(w) is computed as a continued fraction,

1 < GlO10|G >
{w) :——;Im[ | |b2 ] (34)
Zz —ag — ! b2
z—al———z———
Z—0a9 — ...

wherein the coefficients a; and b; are respectively the diagonal and the
off-diagonal matrix elements in the tridiagonal matrix representation
of the Hamiltonian obtained in the Lanczos procedure. Thus, this
method relies exclusively on the tridiagonal form of the Hamiltonian
matrix [116]. Besides, there is an implicit truncation of the Hilbert
space due to the smaller size of the tridiagonal matrix compared with
the total dimensionality of the space spanned by the Hamiltonian,
which is quite akin to the truncation in the SOS method. Therefore,
the dynamic quantities computed by this technique are approximate
even though the ground state obtained is exact.

In the context of NLO properties of interacting models such as the
Hubbard and extended Hubbard models, it was shown by Soos and
Ramasesha that the model exact dynamical NLO coefficients could
be obtained by solving for correction vectors [106]. If we define the
correction vector ¢1)(w) by the equation

(H - Ey — w—ie)¢P(w) = —0|G > (35)

then the spectral function, I(w), can be expressed as:
1 .
I(w) = —=Im < G|O1¢M(w) > (36)
T

The correction vector is solved for in the basis of the configuration
functions, which is also the basis in which the Hamiltonian matrix is
set-up for obtaining the ground state. Given the ground state and
the correction vector, it is straightforward to compute the spectral
function. This method is quite general and has been employed in
the computations of dynamic NLO coeflicients of a wide variety of
Hamiltonians [117]. The inhomogeneous linear algebraic equations
encountered in this method involve large sparse matrices. An iter-
ative small matrix algorithm, which runs parallel to the Davidson
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algorithm for eigenvalue problems, gives rapid convergence for the
solution of the system of equations [118].

The correction vector method is not limited to tridiagonal ma-
trices. Furthermore, by defining higher-order correction vectors, it
is possible to compute nonlinear spectral functions as are encoun-
tered in the study of nonlinear optical properties. This technique
provides a way of computing the dynamics which is exact for the
chosen restricted configuration space, unlike other techniques which
involve truncations over and above that imposed by the choice of the
space of configurations. Although the dynamics of a spin chain [119]
and also that of a spinless fermion system [91] have been reported
in the literature using the DMRG technique, the first one employed
the Lanczos algorithm which amounts to further truncation of the
Hilbert space over and above the truncation involved in the DMRG
procedure and the latter used the maximum entropy method which
relies on analytic continuation and involves large uncertainties.

6.1 DMRG technique for dynamic NLO response

The computation of the dynamic NLO coefficients by the correction
vector method requires the ground-state eigenfunction, the Hamilto-
nian matrix and the dipole displacement matrices [120]. The DMRG
method as implemented, readily provides us with the ground state
and the Hamiltonian matrix. The matrices of the dipole operators
are constructed in the DMRG scheme by renormalizing the matrix
representations of the dipole operator corresponding to the left and
right parts of the system using the density matrix eigenvector basis
in a way which is completely analogous to the corresponding Hamil-
tonian operators for the fragments. The matrix representation of the
dipole operators for the full system are obtained as direct products of
the fragment matrices analogous to the way by which the full Hamil-
tonian matrix is constructed. The matrices of the dipole displacement
operators are then obtained by subtracting the corresponding com-
ponents of the dipole moments in the ground state from the diagonal
elements of the dipole matrices.

The two correction vectors [qﬁgl)(wl) > and [(ﬁg) (wi,wq) > en-
countered in the computation of first-order and third-order polariz-
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abilities are obtained by solving the following linear equations:
(H — Ey + wi +i6)| ¢ (w1) >= ]G > (37)

(H = Ep +w; + )65 (1) >= il (w1) > (38)

where [i;’s are the dipole displacement operators, the indices and
j correspond to the Cartesian coordinates (x, y, z) of the physical
system and other quantities are as defined in eqn.(33). In terms of
these correction vectors, the components of the first polarizability,
;;, and third-order polarizability, ¥;jki, can be written as:

aij(w) =< ¢V (@)|i1G > + < ¢V (~w)lG > (39)
and

Yijki (w1, we, w3) = P < 451(-1)(—(4)1 —wy — w3)

155162 (—w1 — wa, —w1) > (40)

where the operator P generates all the permutations: (—wg, 1), (w1, ), (w2, k)
and (ws,!) leading to 24 terms for vk With w, = —w1 — wy — w3.
The tumbling averaged & and 7 defined as

1 3
o = § E (e 77} (41)
i=1

and

1

1 (2955 + Vijji) (42)
i,j=1

y=

]

can also be computed to allow comparison of the calculated NLO re-
sponse with experiments on systems containing molecules in random
orientations [112].

While the extension of the DMRG scheme for obtaining the cor-
rection vectors appears to be straightforward, given the eigenstate
and the matrices corresponding to the relevant operators, in the ac-
tual implementation there exist some severe problems. The correc-
tion vector lies in the symmetry subspace which is connected to the
ground state by the electric dipole operator. For w values corre-
sponding to resonance between the ground state and eigenstates in
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that particluar symmetry subspace, [hs of eqns. (37) and (38) be-
come singular for ¢ = 0 and present numerical difficulties even when
solving them for reasonable nonzero € values. However, if we do not
exploit the symmetries of the Hamiltonian, we encounter singulari-
ties in eqns. (37) and (38) even for those w values corresponding to
eigenstates of the Hamiltonian found in other symmetry subspaces
which are not connected to the ground state by the dipole opera-
tor. Therefore, numerically it would be impossible to obtain the
correction vectors at these frequencies and thereby the associated
response of the system. For example, in Hubbard chains at inter-
mediate correlation strengths, a triplet excited state lies below the
lowest singlet state in the ionic B subspace [107]. The resonances
in polarizability are expected only at frequencies corresponding to
the energy levels in the tonic B space, relative to the ground state.
However, we can not solve for the correction vector using equation
(37) at an excitation energy corresponding to the energy of the low-
est triplet state. Thus, the technique of correction vectors will not
be able to give the complete dispersion of the polarizabilities up to
the first one-photon resonance, unless interferences due to spurious
intruders such as the triplet states are eliminated by suitably block
diagonalizing the Hamiltonian matrix. This problem of intruders
becomes more severe with increasing system size due, as mentioned
previously, to increasing number of intruder states lying below the
frequency corresponding to the first true resonance.

We have thus exploited the electron-hole symmetry, the reflection
symmetry of the polymers and spin parity to block-diagonalize the
Hamiltonian [97]. Usually, DMRG method targets a single state at
a time. However, in this case we need the ground state and the
correction vectors to be determined simultaneously with comparable
accuracy. In order to achieve this we have constructed an average
density matrix using various target states, namely, i) one or more
states in covalent subspace, ii) one or more states in ionic subspace
and iii) ¢ >s at the chossen frequency. In the course of our test
calculations, we have considered a single excitation frequency in all
our calculations (w = w; = wy = w3). We have exploited sparseness
of all the matrices to improve upon the computational efficiency and
have employed the finite size DMRG algorithm in some cases to check
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the convergence of the DMRG results. In these cases, the spatial
symmetry is exploited only at the end of the DMRG procedure when
the left and the right density matrices correspond to fragments of
the same size, i.e., at the end of each finite size iteration.

6.2 Accuracy of the dynamic SDMRG method

In order to assess the accuracy of the dynamic SDMRG technique,
we have performed a series of model calculations; we computed the
dynamic linear polarizabilities (a(w)) and third-order polarizabilities
(7{w,w,w)) corresponding to the third harmonic generation (THG),
for the Hubbard and “U—V?” polyene-like chains of up to 20 sites with
and without dimerizations (note that the dimerization parameter §
reflects the degree of carbon-carbon bond-length alternation along
the polyene chain; nonzero § leads to alternating ¢ and V values
while zero § means uniform ¢ and V).

We have compared our results with the model eract o and
v values obtained from the correction vector method in the valence
bond basis, for chains of up to 12 sites. The results compare well
with a cut-off of m = 100, i.e., by retaining the dominant 100 den-
sity matrix eigenvectors in the DMRG sceme. For the 8-site problem,
DMRG with m = 100 is exact and the DMRG results compare with
exact results to numerical accuracy. In the case of the 12-site chain,
the largest relative error is less than 0.5% for U/t = 4 in the uni-
form Hubbard model. The exact & is 5.343 x 107%* esu while & from
DMRG is 5.317 x 10724 esu. The corresponding exact 7 and DMRG
4 values are 5.983 x 10734 esu and 5.911 x 10734 esu. The dominant
« and -y components (namely the longitudinal g, and 7,4, compo-
nents) are in relative error of 0.05% and 0.1%, respectively. However,
the data presented in what follows have been obtained with a much
higher value of m = 200. In the model calculations, the simpli-
fied geometries of the Hubbard and “U — V” chains correspond to
bond angles of 120° and average bond lengths of 14 and model the
all — trans polyacetylene configuration.
Results for the Hubbard model: In Fig. 4, we display the de-
pendence of & on the chain length for different values of U/¢, for
uniform (Fig. 4a) and dimerized (Fig. 4b) Hubbard chains. The
polarizability decreases with increasing correlation strength in both
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the dimerized and uniform chains. For the same chain length, the
uniform chains have, as expected [121], higher polarizability than the
corresponding dimerized chain at every value of U/t we have studied.
For the uniform chain, the average polarizability, &, for weak corre-
lations exhibits a nice power law dependence on chain length with
an exponent of 2.022 £ 0.001. However, for stronger correlations,
the polarizability deviates from a power law and shows a size de-
pendent variation at longer chain lengths leading to saturation. The
chain length at which the change over from the power law behaviour
occurs, systemetically reduces with increasing U/t. As the chain
dimerizes, the range over which power law behaviour is observed de-
creases (Fig. 4b). Eventually, in the limit § = 1.0, where the chain
breaks down to noninteracting dimers, we would observe only size-
consistent dependence. In Fig. 5, we show the In-In plot of average
third-order polarizabilty ¥ with chain length for chains of up to 20
sites without (Fig. 5a) and with (Fig. 5b) bond alternation. The
variation of 4 with chain length is similar to that found for & both in
the dimerized and undimerized cases. Nonzero § leads to a decrease
in the 4 value and the decrease is smaller for higher U/t values. An
exponent of 5.570 &+ 0.001 is found for § = 0.0 and U/t = 2.0, while
the exponent is 4.00+0.01 for 6 = 0.09 and U/t = 2.0. In both cases,
the power-law behaviour is observed up to the maximum chain length
we have studied. It is interesting to note the strong dependence of
the exponent on the dimerization parameter.

Results for the “U — V” Model: The polarizabilities show a
behaviour similar to that found for the Hubbard model. However,
the “U — V” model is more polarizable than the Hubbard model.
While the dimerization, d, decreases the polarizability of the chain,
the nearest neighbour interaction, V, increases it.

In Fig. 6, we present the dependence of ¥ on chain length for
various values of U/t for the uniform (Fig. 6a) and dimerized (Fig.
6b) chains. There are some very interesting differences between the
Hubbard and the “U — V” chains. The behaviour of the “U — V”
chains is similar to the behaviour of the Hubbard chains for U > 2V.
In this regime, which is the SDW regime, the third-order polarizabil-
ity of the “U — V” model is larger than that in the Hubbard model
for corresponding chain lengths both with and without dimerization.
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Figure 4: Ln-Ln plot of the average polarizability (&) in units of
10~24 esu versus chain length L in A for Hubbard chains of up to 20
sites in all — trans polyacetylene configuration for (a) 6 = 0 and (b)
6 = 0.09, for three different values of U/t.
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Figure 5: Plot of the In of average third-order polarizability (%) in
units of 10736 esu versus log of the chain length L in A, for Hubbard
chains, with three different values of U/t for (a) § = 0 and (b) § =
0.09.
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Figure 6: Ln-Ln plot of the average third-order polarizability (%) in
units of 10738 esu versus chain length L in A for “U — V” chains for
three values of U/t and for V/t =1 for (a) § =0 and (b) 6 = 0.09.

However, when U = 2V which is the CDW/BOW (Bond Order
Wave) transition point, we find that the Hubbard chains have higher
third-order polarizability than their counterparts in the “U — V”
model. This trend is observed only for 4 and is not seen for the
polarizability &.

To understand this behavior, we have studied the variation of the
lowest one — photon gap (Fig. 7a) and the lowest two — photon gap
(Fig. 7b) as a function of chain length in the Hubbard model and
the “U — V” model at the SDW/CDW transition point. The gap
to the lowest one-photon state in the former is higher than that in
the latter at all chain lengths, independent of §; therefore, since @ in
a conjugated chain very much depends on the one-photon gap [121],
the linear polarizabilities of the “U — V” model at the transition
point are higher than that of the Hubbard model. The third-order
polarizability, however, also has contributions from the two-photon
states. The lowest two-photon state in the “U — V” model for these
parameters is at a higher energy than in the Hubbard model for
all the chain lengths and 4. Consequently, we can expect that the
two-photon contribution to «y is higher for the Hubbard model than
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Figure 7: Dependence of (a) one-photon gap (ground state to 1! B;)
and (b) two-photon gap (ground state to 21A;) on 1/N. N is the
number of sites in the chain. The model parameters are U = 2¢,V =
0,6 = 0 (open circle), U = 2t,V = t,0 = 0 (closed circle), U =
2t,V = 0,0 = 0.09 (open triangle) and U = 2t,V = t,0 = 0.09
(closed triangle). The gaps are given in units of t.

for the “U — V” model.

For values of V > U/2 (CDW regime), the optical gap reduces
rapidly with chain length. At moderate chain length (N > 10), it
is observed that the optical gap is small enough that the first three-
photon resonance occurs below hw = 0.1¢ (optical gap E; becomes
< 0.3t); this is reflected in a change of sign in all components of +.
The behaviour of v in the CDW phase is qualitatively different from
what is observed in the SDW phase. In the latter, the optical gap
remains finite and v is expected to remain positive.

The dependence of 4 on frequency is similar in both the “U —V?”
and Hubbard models for all chain lengths. We see clear indications
of an E,4/3 resonance (Fig. 8) and a two-photon resonance. Below
the first resonance, 4 shows a larger increase for longer chains. This
could be due to a sharp increase in the number of excited states with
increase in chain length. Furthermore, from the excitation gaps in
the 20-site Hubbard chain, we note that the one- and two-photon
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Figure 8: Dispersion curves of ¥ in units of 1073® esu for different
chain lengths, N (indicated in the boxes) for the dimerized "U — V"
model with U = 3t, V =t and 6§ = 0.09. E, is the lowest one-photon
gap for the corresponding model. For comparison, the dispersion
curve of Hubbard chain (V = 0) for 20 sites is also shown by open
circles.

resonances coalesce.

Static « values cannot be computed from correction vector method
as the equations for 451(']2') (w1, ws) become singular for we = 0. How-
ever, following Soos and Ramasesha [106], it is possible to obtain
static -y values from the dynamic values at two different frequen-
cies by a Taylor expansion. We have computed 7;z2,(0) using this
method from THG coefficients at two different frequencies of 0.1¢
and 0.2¢, at the crossover region (U = 2V') between SDW and CDW
phases. In Fig. 9, we present the In-In plot of v;45,(0) vs L for a
dimerized chain (6 = 0.09). The v;45.(0) value is positive and the
thermodynamic limit of the CDW phase is not reached even at the
maximum chain length (20-site chain) we have studied; vy;545(0) has
a power law dependence on chain length L. with an exponent of 3.94.
This is very close to the value for Pariser-Parr-Pople models obtained
from an earlier exact study of finite chains in the static limit [106].
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Figure 9: Ln-Ln plot of ;;,,,(0) with chain length for the parameters
U=3t, V=15t and & = 0.09.

7 SDMRG Studies of Conjugated Polymers

The electronic structure theory of conjugated polymers for the most
part has been confined to the study of polyenes and polyacetylene,
which appear as the structurally most simple conjugated chains.
The focus on these compounds was sharpened by the discovery of
high electrical conductivity upon doping of trans-polyacetylene and
the several interesting predictions of the Su-Schreiffer-Heeger model
[1, 2]. There also followed a large number of experimental studies on
these systems. Interestingly, polyenes are also best suited for inter-
acting model studies because each unit cell consists of just two sites
in the dimerized case and thus exact diagonalization studies could
be carried out on systems with up to six unit cells. This allowed reli-
able extrapolations of several properties asociated with the polymers
such as optical gaps and two-photon gaps of the system in the limit
of infinite chain length.

However, there exist many properties of the polyenes that cannot
be studied reliably from model exact studies of oligomers consisting of
just six to eight monomers. These include studies of exciton binding
energies, quantum confinement and finite-size effects of the electronic
excitations as well as the equilibrium or relaxed geometries of the
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polyene chains in excited states. The symmetrized DMRG method
can be used to study long polyene chains with a degree of reliability
unmatched by any of the earlier methods.

In recent years, the focus of study in conjugated polymers has
shifted to conjugated polymers containing aromatic rings, which ex-
hibit many fascinating properties. These polymers which have phenyl
groups in conjugation consist of at least six carbon atoms per unit cell
in conjugation. Thus, the exact diagonalization techniques which can
at best deal with two unit cells fail to provide ground and excited
state properties of these systems in the polymer limit. The sym-
metrized DMRG technique provides the most reliable tool yet for a
proper study of these systems [67]. In this section, we review some
of our recent symmetrized DMRG studies of conjugated polymers.

7.1 Linear and nonlinear optical sepctra of polyene
molecules

Optical spectra of polyenes have been a major focus of investigation
on conjugated organic systems. Theoretically, the major task is to
understand the excited-state structures. Based on semiempirical CI
calculations for short polyenes, Heflin et al. have suggested that one
higher-lying A, state plays an important role in NLO processes [122];
this state is strongly coupled to the lowest (and most active) opti-
cally allowed 1B, state. More recently, based on a model for short
polyenes solved by exact diagonalization, Mazumdar and co-workers
have proposed an “essential states” mechanism which has enjoyed
wide recognition; these authors have shown that in strongly corre-
lated one-dimensional systems, the NLO processes are dominated by
4 essential states, namely, the ground state (14,), the lowest opti-
cally allowed 1B, exciton state, the lowest ionic even parity mA,
exciton state, and the continuum band-edge nB, state [123]. Ex-
cept for the controversial nature of the continuum band edge, the
roles played by the 1B, and mA, exciton states in transient o ptical
processes have been highlighted.

In previous section, we proposed the Correction Vector method
to calculate both linear and nonlinear polarizabilities. However, it is
cumbersome to calculate the dispersion curve because one needs to
iterate the CV equation at every input frequency. Thus, in this sub-
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Figure 10: SDMRG linear optical absorption spectra (arbitrary
units) for polyenes with 10-20 carbons.

section, we apply the common Sum-Over-States [114] approach to
calculate the various excitation spectra, such as absorption, third-
harmonic generation, and electro-absorption. Note that doing this
requires a full diagonalization of the renormalized Hamiltonian in the
symmetry adapted subspace. For instance, if we choose a DMRG
cut-off m = 120, the Hamiltonian matrix dimension is in the order
of 3000x3000. This is only doable if the cut-off m < 150 (while
for correction vector, one can go beyond 200). In this approach,
the ground state and the excited states are expressed in the same
renormalized basis; thus, we construct the density matrix as the
average of those for the 14, (ground state), 1B,, 24,4, and 2B,
states. We find that this procedure is even more numerically efficient
than averaging 1Ay, u|1A, > etc as suggested before [119].

Based on the “U-V” model, we first fit the experimental energies
of the lowest-lying 1B, and 2A, states for short polyenes; we find
that the optimal parameters for U and V are U=3t, V=1.2t (with
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Figure 11: SDMRG two-photon absorption spectra (corresponding
to the dipole transition moments from 1B, to different A, states) for
N=6-16 (arbitrary units).

t=2.4 eV and alternation 6=0.07). All the optical spectra are calcu-
lated within this set of parameters.

We first turn to the discussion of linear absorption, see Fig. 10
for N=10 to 20. The highest peak always corresponds to the 1B,
transition. We observe that the second highest peak is usually the
3B, state for short oligomers; however, as the chain length increases,
the 2B, transition becomes more intense. The general picture for
optical absorption is that in addition to 1B,, there appears a small
peak that would correspond to the continuum band edge threshold in
very long chains. We find that the difference between 1B, and 25,
is 0.66 eV for N=40 (not shown in the figure). However, both from
experiments and our theoretical calculations (see next subsection),
the binding energy of the 1B, exciton is about 0.1 eV in polyacety-
lene. This apparent discrepancy demonstrates that the chain length
dependence of higher lying excited states is much more pronounced
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Figure 12: SDMRG theoretical third-harmonic generation (THG)
spectra for polyenes with N=6-20. The units on the vertical axis are
arbitrary and chosen in order to show the relative intensities of the
resonance structures.

than that of the lowest lying excited state.

In Fig. 11, we depict the two-photon absorption spectra (repre-
sented by the dipole transition between the A, excited states and the
1B, state). Kohler and Terpougov have been able to measure the
higher A, states of trans-octatetraene by two-photon fluorescence
excitation spectroscopy [124]. Our theoretical results for N=8 agree
very well with experiment (which further justified our parameter set).
There are four distinct features in Kohler and Terpougov’s spectrum,
located at 5.54 eV, 5.81 eV, 5.96 eV, and 6.18 eV, respectively; for
a wide range of energy between 3.4 and 5.5 eV, the two-photon fiu-
orescence excitation spectrum can only be ascribed to the 24, state
and its vibronic bands. The theoretical spectrum in the high energy
regime gives three features at 5.19 eV, 5.75 eV, and 6.00 eV; these
three A, states (344, 44,4, and 54,) are well separated from both
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Figure 13: SDMRG theoretical electro-absorption (EA) spectra for
polyenes with N=6-18 and N=30. The units on the vertical axis are
arbitrary.

below and above. We believe that the middle two peaks in the exper-
iment have the same electronic origin, namely, the 44, state and its
vibronic band. Both the calculated relative intensities and positions
are in good agreement with the experiment.

The third-harmonic generation (THG) and electro-absorption (EA)
spectra are presented in Figs. 12 and 13, respectively. For THG,
the first peak is due to a three-photon resonance to the 1B, state,
which is much less pronounced for short chains than longer chains.
As pointed out previously, there always occurs a double resonance
phenomenon in the higher energy regime, irrespective of the form
of the electron interaction potential [125]. For instance, for N=6,
at least two double resonances occur; namely E(34,)/2 is close to
E(4B,)/3 and E(4A)/2 is close to E(5B,)/3. The double resonance
makes the higher energy peak even more intense than that related
to 1B,. This has been attributed to finite-size effects [126]; for very
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long chains, the double resonance can disappear. For instance, in
our THG calculation for N=20, the three-photon resonance to 1B,
becomes more intense than other peaks. Both for EA and THG, we
note that the 24, state has a very weak intensity, which confirms
the previous conclusion by Guo et al. [126]; such a small feature has
been found in experiments for S-carotene [127]. We also note that
the intensity of 15, relative to other peaks has a opposite tendency
in EA with respect to THG when the chain length increases. In EA,
for short chains, the 1B, state is much more intense than the other
peaks; for longer chains, the intensities of higher-lying states become
increasingly important. The general EA profile for the B, states has
positive and negative parts similar to the first derivative of a Gaus-
sian function. For the 1B, state, the height of the positive part is
equal to that of the negative part, which is due to the fact that 15, is
well separated from any other state, so that its EA response is due to
the electric-field induced exciton energy (Stark) shift (first-derivative
behavior). However, for higher states, the inter-state energy spacing
can be very small; the EA response is then also affected by wavefunc-
tion shifts in addition to energy shifts. Thus, in general, there can
be appear asymmetry, as shown in several peak structures in Figure
13.

7.2 Binding Energy of the 1B, Singlet Exciton

It has been shown that electron correlation affects strongly the poly-
mer geometry (bond alternation) [128], excitation spectra [129, 130],
and nonlinear optical response [47, 131] and it is generally accepted
that an exciton is mainly responsible for the low-lying photoexci-
tations. However, the location of the conduction band edge and
the exciton binding energy (Ej3) are still imprecise both from exper-
imental and theoretical standpoints. Early experimental estimates
led to By ~ 0.1 eV [132]. Recently, in the context of investiga-
tions on the remarkable photocurrent and luminescence properties
of poly(paraphenylene vinylene), PPV, the value of exciton binding
energy has become a hotly debated issue. No less than four models
of binding have been proposed: (i) very weak binding (semiconduc-
tor band model), E, ~ 0.025 eV [133]; (ii) weak to intermediate
binding, Ey ~ 0.2 eV [134]; (iii) intermediate binding E;, ~ 0.4 eV
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[135, 136, 137]; and (iv) very strong binding, £, ~ 1 eV, with a
theoretical explanation based on the strong correlation picture [138].
Earlier quantum-chemical calculations show that the exciton bind-
ing energy is extremely sensitive to both the level of sophistication
at which electron correlation effects are treated and the basis size,
and usually provide too large a binding energy in comparison to ex-
periment [139, 140]. _

We have applied the symmetrized density matrix renormaliza-
tion group (SDMRG) theory to calculate the 1B, singlet exciton
energy and charge excitation band gap within a reasonable param-
eter space of the extended Hubbard-Peierls model, i.e., the “U-V”
model supplemented by the consideration of the ¢ dimerization term.
To improve the accuracy of our results, we have used the finite-size
symmetrized DMRG method in all our studies. The extent of im-
provement in accuarcy (ranging from 1072 to 1073 eV) by the finite
DMRG algorithm depends on the parameters in the Hamiltonian.
For instance, for more delocalized systems (small alternation ¢ or
small Hubbard U), the improvement is larger than in the case of
larger § or U. Thus, the finite DMRG scheme introduces larger im-
provements where the infinite scheme is more in error, rendering the
method almost equally accurate over the entire parameter range of
U and §.

To study the exciton binding, we must necessarily include at least
the V' term, namely, the nearest neighbor density-density interaction,
which is the origin of attraction between electron and hole. This
term represents a physics that is different from the Hubbard model
in terms of the excitation spectra [123]. Generally speaking, the long-
range character of the Coulomb interaction is essential for describing
exciton binding. However, it is known that DMRG works extremely
well for short-range potentials [65, 69]; this is the reason why we
have chosen to keep only the nearest-neighbour interaction term in
our studies. This model contains the minimum physics required to
support a bound exciton and at the same time renders itself to a
numerically accurate study. The importance of the bond-alternation
parameter ¢ has been emphasized by Soos, Ramasesha and Galvao
(107]; it provides the simplest way to incorporate the molecular struc-
ture in a model study and rationalizes interesting features associated



The Density Matrix Renormalization Group Method 177

Figure 14: Dependence of the 1B, binding energy (E;) on V/t for
U/t = 5.0 . Circles represent § = 0.2 and triangles 6 = 0.0 . The
inset shows the dependence of the band gap (E,) on V/t for 6 = 0.0.

with it. For instance, § can induce a 24/1B crossover, namely, for §
smaller than a critical value ., E(24) < E(1B), i.e. the two-photon
gap lies below the one-photon gap. We also note that the condition
for spin-density-wave (SDW) or bond-order-wave (BOW) phase is
U > 2V [128] and conjugated polymers belong to this region of the
phase space.

Pang and Liang have calculated the charge excitation gap for the
Hubbard-Peierls model, which is defined for a neutral chain of N sites
(number of electrons N, = N) as Ej(N) = E(N. = N+1)+ E(N, =
N —1) — 2E(N. = N) [105]. We note that this is not the optical
gap in the extended Hubbard-Peierls model, since the definition ex-
cludes the contribution due to Coulomb attraction between electron
and hole. Instead, this quantity becomes our definition of charge ex-
citation band gap which constitutes the continuum edge, the reason
being, taht at the band edge, the electron and hole are uncorrelated
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Figure 15: Dependence of band gap, E, (circles), and 1B, exciton
energy (triangles) on alternation ¢ for U/t = 5.0 and V/¢t = 2.0. The
inset shows the dependence of the binding energy E; on 4.

and can be assumed to be on two different chains. This approxi-
mation implies that the charge gap provides an upper limit on the
band edge. Thus, the exciton binding energy is defined as E, =
E, — E(1B,). Strictly, this definition is only valid for an infinite
chain; for a finite chain, the error is on the order of 1/N. Besides,
the exciton binding energy we calculate from this above definition
of band edge should provide the upper limit for an isolated infi-
nite chain. We note that finite-size effects for E,; are lower than
for E(1B,), because 1B, represents two charge carriers on a single
chain, while for calculating E,, there is only one additional charge;
the chain ends have then a smaller effect. (As a result, within the
Hubbard model where Fj is known to be zero, Ej as calculated with
the DMRG method will actually be slightly negative and of the order
of 1/N.)
The DMRG cut-off is taken to be 100 < m < 150 and since the
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Figure 16: Dependence of the 1B, exciton binding energy on V' (with
U = 15t) for § = 0 (dotted line) and § = 0.2 (solid line).

DMRG method is more accurate for stronger correlation, we choose
smaller m values in the above range for larger U values. The accuracy
is always high enough to give a definite answer concerning exciton
binding energy, which contains an intrinsic error of 1/N.

There exist two recent studies on exciton binding energies in the
large U limit of the extended Hubbard-Peierls model, that aim at
finding the critical V' (V) value beyond which the binding energy
increases with increasing V. Yu, Saxena and Bishop (YSB) [141]
have applied a mean-field model in which the charge and spin degrees
of freedom are separated in the large U limit and used a { — matriz
formulation in treating the V term as a perturbation; these authors
find that V, is equal to 4t%(1 + 62)/U. In contrast to this result,

rallagher and Mazumdar (GM) [142] have performed a mapping
of the model Hamiltonian in the subspace of Ny = 1(i.e., only one
doubly occupied site) to a ferromagnetic Ising-Heisenberg spin model,
which can be solved analytically for zero dimerization in the infinite
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Table 1: 1B, exciton binding energies and, in parentheses, 1B, state
energy (for t = 1); V/U is fixed at 0.4. If we take the experimental
1B, energy values for PA (6§ = 0.07) and PPV (6 = 0.15 — 0.2),
then the Ej values can be scaled in absolute units (eV) and are given

underlined.

5 U
3 5

0.07 0.042 0.149
(0.947) (1.879)

0.080 0.143

0.15 0.123 0.328
(1.327) (2.152)

0.222 0.366

0.20 0.18 0.430
(1.54) (2.312)

0.28 0.446

U limit; these authors have found that the critical value of V. is
equal to 2¢ and decreases very slowly with increasing J. The results
of Yu, Saxena and Bishop are in disagreement with the Bethe ansatz
results for V=0, § = 0, where the band edge of the excited states
should be at U — 4¢ and not U; hence, the V, value from their study
is taken with much caution. The results of Gallagher and Mazumdar
are exact for 6 = 0 in the large U limit and are consistent with earlier
results.

Small to intermediate correlation regime: The main results of
our study could be summarized as follows.

1. For V = 0, as expected for the Hubbard-Peierls model, the
binding energy FE is always calculated to be a small negative
quantity O(1/N) for any U and 4. This excellent agreement
with the physical picture serves as a check on our numerical
scheme.

2. For § = 0 and for fixed U (= 5¢), V does not induce any binding
in the BOW phase (V < U/2). V lowers both the band gap
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and the 1B, exciton energy, see Fig. 14. The V term is the
origin of exciton binding. However, V also increases electron
delocalization by largely renormalizing the ¢ term; this eventu-
ally increases the electron-hole seperation which is largest for
0=0.

3. For fixed electron correlation strength, E, increases with in-
creasing ¢ (Fig. 15). This implies that the larger the ¢ value,
the more excitonic-like is the lowest charge excitation.

4. For fixed ¢ (e.g., 0.2 ), small V values have little effect on Ey;
however, a larger V strongly enhances Ej, (see Fig. 14). We
note that the exciton is bound only when V is large enough
relative to U.

To relate our results with experimental findings, we present in
Table 1 the DMRG results for the 1B, exciton state and binding
energies for three sets of correlation strengths and bond alternation
parameters. The alternation parameter for polyacetylene (PA) is 0.07
from its bond-length data. Soos et al. have proposed an effective &
of 0.2 for systems containing phenylene rings [143]. We assume that
poly(paraphenylene vinylene), PPV, can be described in an effective
way as a regular copolymer of poly(paraphenylene) and polyacety-
lene, PA [144]; thus, we consider the effective bond alternation for
PPV to be within the range 0.15 — 0.2. Note that V/U is fixed at
0.4 in Table 1. In a one-dimensional correlated system, it has been
shown that the 1B, state is nearly responsible for all the oscillator
strength of the system and the continuum band states hardly show
up in linear absorption [123]; as a result, we take the optical absorp-
tion data to set the 1B, state energy: 1.8 eV for PA and 2.4 eV
for PPV. We then set the t values for different (U, V')’s using these
experimental optical gaps [145]; namely the actual ¢ value for PA
and PPV are evaluated as E¢*?(1B,)/Eeo(t=1)(1B,). The binding
energies corresponding to these ¢ values are also reported in Table 1.

For PA, we have already noted that earlier quantum-chemical
calculations gave a range of large E, values, while the experimental
estimate corresponds to an Ej value as small as about 0.1 eV within
the whole range of parameters given in Table 1. Another quantity
of interest is the ratio of exciton binding energy to the optical gap,
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Figure 17: Dependence of the 1B, exciton binding energy on ¢ (with
V = 2t): solid line for U = 25¢ and dotted line for U = 5t.

which we also present in Table 1. The theoretical ratio for PA is in
good agreement with experiments. For PPV also, the E,/E(1B,)
ratios are in agreement with the experimental findings by Campbell
et al. [134], Friend et al. [135] and Kersting et al. [136], as well as
the results of the phenomenological calculations by Gomes da Costa
and Conwell [137]. The DMRG E, values are thus in the weak to
intermediate range. We would like, however, to draw attention to
the fact that interchain interactions as well as intrachain relaxations
are neglected in the DMRG study.

One of the limitations of our study in the case of PPV is that the
actual geometry (topology) of the polymer is not taken into account.
Besides, it is also known that the actual polyenes have correlations
which extend beyond the nearest neighbour. It is not possible to
parametrize the “U-V” model such that the full excitation spectrum
is in good agreement with the Pariser-Parr-Pople model values. This
factor could also influence the exciton binding energy significantly as
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we will discover below.

Large correlation regime: Numerically, we extend the U parame-
ter to a much larger magnitude range, in order to compare the DMRG
results with those of the recent results of GM and YSB based on the
large U limit. It is known that DMRG works better for stronger cor-
relation strengths. Thus, the numerical accuracy is extremely good
in this limit.

In Figure 16, we present the relation between the 1B, binding
energy and V for U = 15t for two different dimerization amplitudes
(0=0 and 0.2) at a chain length of N = 60. The result for §=0
confirms the conclusion of GM that the critical V' value is V, =
2t. This critical value decreases as soon as the dimerization, 4§, is
included. This casts much doubt on the validity of the results of
YSB, in which the critical point occurs at 4t%(1+62)/U: this value is
quantitatively too small and shows the opposite trend with é: instead
of V. decreasing, it increases with 4.

We note that even for such a large U(= 15t) value, the V, value
is quite sensitive to §, even though it is more weakly dependent on
0 than in the case of the smaller U(= 5¢) used in the study of PA
and PPV discussed above. From Figure 16, the V. value is found
to be around 1.7t for § = 0.2, which differs significantly from 2t
in comparison with GM’s V. value of 1.97¢ for this value of 4; this
implies that even at U = 15¢, we have not reached the infinite U
limit. In other words, the argument that the large U behavior is
already shown for U > 4t [142] is highly questionable.

As demonstrated in the above, the dependence of E}, on ¢ is rather
strong (as shown for U=5t in Figure 15); this is in sharp contrast
to, and actually constitutes the major point of disagreement with
GM’s work. In Figure 17, we present again the E, vs.  curve for
an even larger value of U = 25¢, in order to compare with the pre-
viously chosen U = 5t case. It is clearly seen that the d-dependence
of Ey is strongly suppressed by U. Thus, the applicability of the
strongly correlated picture should be considered with much caution
when dealing with real polymers.

Most interestingly, we find that the Hubbard U decreases dras-
tically the 1B, exciton binding energy. We have shown the U-
dependence of Ej in Figure 18. In fact, this result does clarify the
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Figure 18: Dependence of the 1B, exciton binding energy on U (with
§ =0.2) for V = 2¢ (solid line) and V' = 2.3¢ (dotted line).

quantitative disagreement with GM. For instance, for V = 2.3¢ and
6 = 0.2, the Ep value decreases from 0.82t at U = 5¢ to 0.14¢ for
U = 25t, in good agreement with GM’s 0.1t value for infinite U.
This behavior is actually rather counter-intuitive: exciton binding is
a correlation effect, the Hubbard U would be expected to increase
it, as argued by GM. More work is definitely required to clarify this
intriguing point.

7.3 U-V and Pariser-Parr-Pople Model Studies on the
Ordering of Lowest Excited States

The prospect of potential applications due to the extraordinary lumi-
nescence properties of conjugated organic materials have underscored
the importance of gaining insights into the structure of low-lying elec-
tronic excited states of these systems. Specifically, a major issue is
the relative ordering of the lowest dipole allowed singlet (1! B, ) state
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and the lowest dipole forbidden singlet (21A;) state, in the light of
Kasha’s rule which relates molecular fluorescence to the lowest ex-
cited singlet state.

It is well established that correlated electron systems behave dif-
ferently from independent electron systems, especially in the case
of electronic excitations. Earlier experimental work has shown that
the lowest optically forbidden excited state, 24, lies below the op-
tically allowed excited state, 1B, in polyene molecules [146] (thus
preventing any significant luminescence in such compounds), while
an independent electron model gives the opposite picture; similar
results have been found by Periasamy et al. in the case of poly-
crystalline sexithienyl [147] or Lawrence et al., in single crystal poly-
diacetylene [148]. When going from oligomer to polymer chains,
continuum band states are formed, derived from higher-lying excited
states of oligomers, while the 1B and 2A states keep an excitonic
character. However, it is important to stress that the electronic and
optical properties of conjugated oligomers and polymers differ, de-
pending on whether the compounds are in the gas phase, in solution,
or in the solid state [149]. The chemical environment affects the
geometric structure as well as the electron correlation strength, the
latter via dielectric screening [121]. Furthermore, the characteris-
tics of the conjugation defects present in oligomers depend on chain
length, which emphasizes the influence of quantum size effects [150].
In view of these features, we believe that these three factors: (i)
geometric structure, (ii) strength of electron correlation, and (iii)
quantum confinement, are most relevant for the study of the photo-
and electro-luminescence response in organic conjugated chains.

Previous studies of the 1B/2A crossover behavior have been car-
ried out for short-chain systems. In the independent electron limit,
the 2A energy is significantly higher than that of 1B due to the
discreteness of the molecular orbital energy spectrum; in this zero
U limit, the 2A state corresponds to single HOMO to LUMO-1 (or
HOMO+1 to LUMO) excitation while 1B is a HOMO to LUMO
excitation. According to previous results [151, 128], as electron cor-
relation U is turned on, the gap between the ground state and the
2A state narrows while the gap to the 1B state increases; the states
thus cross at a critical Hubbard correlation strength U.. This, we
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refer to as the “U-crossover”. However, for an infinite chain, the 24
and 1B states both occur at the same energy in the Hiickel limit
(U =0). If the 24 and 1B states were evolving in a manner identi-
cal to that in the short chains, these states would never cross with
increasing U. Thus, for a given U, there must occur a crossover from
the short-chain behavior to the long-chain behavior; this, we refer to
as the “N-crossover”.

It was noted by Soos, Ramasesha and Galvao [107] from exact di-
agonalization studies of short chains that a similar crossover occurred
with variation of the bond-alternation parameter d, which we refer
to as the “d-crossover”. The §-crossover was studied by monitoring
the optical gap and the lowest singlet-triplet (spin) gap; the critical
d. for a given correlation strength was determined by the value of §
at which the optical gap equals twice the spin gap. These authors
further described the system as behaving band-like for § values above
d. and correlated-like for ¢ values below é.. However, as was pointed
out earlier [152], increasing bond alternation does not lead to the
band picture, because the binding energy of the 1B exciton increases
with increasing ¢, which indicates that electron correlation also in-
creases at the same time. Here, we present a detailed SDMRG study
that encompasses the three kinds of crossovers, namely the U, N
and d-crossovers in conjugated chains. We first discuss an extended
Hubbard-Peierls study of the three kinds of crossover behaviors.
Crossover behaviors: We contrast the “U-crossover” for short
(N=8) and long (N=80) chains for fixed alternation § = 0.07 in Fig.
19. It is well known that in the strong correlation limit, the 24 state
becomes a spin excitation which is gapless in the limit (V| §)=0 and
this state can be described as composed of two triplets, as suggested
earlier by Tavan and Schulten [130, 153]. Thus, increase in correla-
tion strength should lead to a decrease in the 24 energy [153]). How-
ever, we note that in the N=8 chain, the energy of the two-photon
state remains nearly constant before decreasing for values of U/t
larger than 2.0. In longer chains, the 24, energy increases even more
rapidly with increasing correlation strength, than the 1B, energy.
This implies a substantial ionic contribution to the 24, state in long
chains besides the covalent triplet-triplet contribution. This result
constitutes the first clear illustration of the importance of quantum
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Figure 19: Crossover on U for 6 = 0.07 and V/U = 0.4.

size effects. We find, however, that the critical correlation strength,
U,, at which the crossover occurs is nearly independent of the chain
length N; in both N=8 and N=80 cases, U, is around 2.5¢.

For fixed correlation strength (U/t = 3 and 4), we present the “4-
crossover” results for N=8 and 80 in both Fig. 20 and Fig. 21 for two
values of U. We find that the critical § value, d., strongly depends on
chain length. For U/t=3, the §. values are found to be 0.15 and 0.09
for N=8 and 80, respectively; for U/t=4, they are 0.32 and 0.22.
Thus, 0. has both strong N and U dependence. We also show in
Fig. 20 and Fig. 21 the crossover behavior between the 1B, energy
and twice the lowest triplet energy, Fr. This crossover occurs at
systematically smaller § values, again emphasizing the larger ionic
character present in the 2A, state compared to the lowest triplet
state.

Most interestingly, the “N-crossover” behavior is found in the
case of intermediate U/t and medium to large § values. We observe
that the 1B, and 24, states cross over for fixed U/t and 6 as a
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Figure 20: Crossover on ¢ for U/t = 3.

function of N, the chain length. The critical lengths are actually
fairly insensitive to U and §. For U/t=3, 6=0.12 we find the crossover
for N=14 (Fig. 22) and for U/t=4.0, =0.27, the crossover occurs at
N=12 (Fig. 23). This is a direct theoretical observation of quantum
confinement induced crossover. It is related to the fact that the 24,
excitation is more local in character with a shorter characteristic
length than the 1B, state. Thus, the 1B, excitation is stabilized
over longer length scales than the 24, excitation. This is seen as a
more rapid saturation in the 24, energy compared to the 1B, energy,
as a function of chain length. We note that this crossover can also

be seen from Fig. 20 and Fig. 21 where the . values show a de-
crease in going from N=8 to N=80. This behavior can only exist for
intermediate correlation strength: for weak correlation, there does
not exist any crossover and 24, lies above the 1B, state for all chain
lengths as seen from Fig. 19; at large values of U/t, we are in the
atomic limit, a crossover is not expected and the quantum size effects
are largely suppressed. It has been widely accepted that the conju-
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energy/t

Figure 21: Crossover on ¢ for U/t = 4.

gated molecules fall in the intermediate correlation regime; thus, the
confinement-induced crossover is realistic.

Note that, we have not included the points for N=2. We stress
that the dimer limit (N=2) constitutes a special case, which cannot
be extrapolated to longer chains, as far as the 24, state is con-
cerned. In the dimer limit, the exact solution for the energies of the
four states at half-filling are given by E(14,) = —e; E(Triplet) =
0; E(1B,) = U - V; E(2Ay) = e+ U =V, where ¢ = —(U -
1/2(y/(U = V)2 +16t2(1 + )2 — (U — V)). In fact, 24, in the
dimer is always higher than 1B, regardless of the parameters U
and V. In the strong correlation limit (4¢/(U — V) — 0, ¢ — 07),
we note that E(1B,) becomes degenerate with E(24,) from below.
From Fig. 19, the “covalent” E(2A,) should come down well below
E(1B,). The calculated 24, state in the dimer limit has a totally
different character from that in cases N > 2. In fact, in a two-site
system, there is no space to construct two coupled triplet states; as
a result, the 24, state then corresponds to an higher-lying ionic ex-
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Figure 22: Crossover on N for U/t =3 and § = 0.12.

citonic mA, state of long chains, as discussed in Ref. [123], a feature
which deserves further study.
PPP model studies of 1B, /24, crossover in polyenes:

We here investigate in more depth the specific case of polyene
molecules. Contradictory theoretical results have been found in the
literature concerning the ordering of 24, and 1B, states,
due to difficulties in treating electron correlation effects with tradi-
tional approaches, even for polyenes with moderate sizes, e.g. N ~
20. The limited experimental data indicate that the 24, state is
below 1B, starting from N = 6 [154]. Most interestingly, extrapola-
tion of the N=6 to N=16 results indicate that the gap between 15,
and 24, increases as the chain length increases [155, 154]. A rough
extrapolation by Kohler placed the 24, state energy at half of that
of 1B, in long chain limit [156].

We have studies finite polyenes with long chain lengths employing
the PPP model with Ohno parametrization. Even for the long range
Ohno potential, the SDMRG results are found to be nearly exact
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Figure 23: Crossover on N for U/t = 4 and 6 = 0.27.

for the ground state and a few excited states from comparison with
model exact results for N < 14 sites. The accuracy of the calculations
can be gauged from the fact that the energy of the targeted state
converges with the increase in

the order (the cut-off, m) of the truncated density matrix eigen-
states; for instance, the ground state energy changes by less than
a ppm when the cut-off, m, is increased. The reason for this accu-
racy could be that the interaction part is diagonal in the real space
representation.

The evolution with chain length of the lowest-lying excited states
of polyenes within the PPP model is depicted in Figure 24. For the
chosen set of parameters, namely, t=-2.4 eV, §=0.07, U=11.26 eV
(with the widely used Ohno-Klopman potential, see Eq. (8)), there
does not exist any N-crossover, namely, for all systems, the covalent
24, is always below 1B,. (Note that the “ezotic” 24, state for N=2
is shown in Fig. 24; it is much higher in energy than both 1B, and
twice the lowest triplet state). Most interestingly, we find that the
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Figure 24: Pariser-Parr-Pople evolution of the 24, and 1B, states
in polyenes as a function of chain length.

difference between 1B, and 24, increases with chain length in the
short-chain regime, then levels off, and finally starts decreasing
(see Fig. 25). In Table 2, we present the DMRG results which we
believe represent the most accurate theoretical calculations to date.
As mentioned above, Kohler developed an extrapolation model
from short-chain data and concluded that in the long-chain limit, the
24, state energy should appear at only half that of 1B,. Since the
model is not size-consistent (because the ground state is mixed up
with the lowest doubly excited configuration in his theoretical model)
and the data being limited to short chains, it is not unexpected that
such an extrapolation is in sharp contradiction with the results of
our accurate calculations. In fact, if we extrapolate to polyacety-
lene our data on the long polyenes, the 1B, and 24, state energies
are found to be 2.92eV and 2.31eV, respectively (the difference thus
being 0.61eV). The 2.92eV value for the 1B, energy is about 1leV
higher than the experimental result for polyacetylene in the solid
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Figure 25: Evolution of E(1B,) — E(24,), as a function of polyene
chain length, in the Pariser-Parr-Pople model.

state. The discrepancy can be ascribed to solid-state polarization ef-
fects (or to the inadequacy of molecular parameters for solids). The
solid-state polarization effects should be smaller for the 24, state
than for 1B,, because the former is “covalent’ while the latter is
“tonic”; the 1B, — 2A, should thus reduce in going from gas phase
to solid state. Another aspect is that the solid-state polarization af-
fects more an anion or cation state (thus, the continuum bandgap)
than the 1B, state, which is a bound state of two opposite charges;
this argument leads Moore and Yaron to stress that the polarization
effect should act to decreas the 1B, exciton binding energy [157].

7.4 DMRG studies of the Lattice Relaxation

One of the interesting predictions of the Su-Schrieffer-Heeger model
[158, 159] is that the electronic excitations are closely related to the
topological distortions of the conjugated polyene chain. It is pre-
dicted that solitons are the elementary excitations both for optical
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Table 2: SDMRG results for the lowest-lying excited state energies
(in eV) of polyenes with 4 to 30 carbons. All the values correspond
to the vertical transition energies from the 14, ground state.

N 4 6 10 16 18 20 24 28 30
1B, 5.84 5.05 4.23 3.69 359 351 339 332 3.29
24, 533 435 335 279 270 263 255 250 248
1T 266 217 1.73 150 146 143 1.39 136 1.36

excitation and for charge doping. Su and Schrieffer further proposed
photoexcitation-induced soliton creation, which is now known as the
Su-Schrieffer mechanism [160]. According to this mechanism, pho-
toexcited states can relax to a pair of separated positively and neg-
atively charged solitons; unlike the doping process, this mechanism
will generate solitons of both charges. This mechanism, if operat-
ing, should show a similarity between the spectra of photogenerated
states obtained from a pump-probe experiment and the absorption
spectra of doped polyacetylene. Unfortunately, a straightforward
comparison of the photogenerated gap states and states of the doped
systems, is not possible since with doping counter-ions are present
which provide an electrostatic potential for the charged solitons and
thereby shift the solitonic absorption energy [128, 161, 162]. We note
that there were claims that the optically excited state also relaxed
to a pair of neutral solitons except that the yield in this channel
was claimed to be ~ 1% the yield in the charged solitonic channels
(163, 164]. However, it is difficult to rationalize this situation theoret-
ically since the coupling between the 1B, state and a pair of neutral
solitons requires breaking electron - hole symmetry and neither elec-
tron correlation nor electron-phonon coupling can break this symme-
try. However, it is worth recalling at this point that the electron -
hole symmetry is an idealized symmetry although the nonideality of
the experimental situation may not be sufficient to provide observ-
able yields in the two-neutral soliton channel. The charged solitonic
states have also been studied by both Raman and infrared spectro-
scopies to elucidate the nature of electron-phonon coupling and the
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nature of distortion surrounding the charge [163, 164, 165, 166, 167].

The state that is expected to decay into two neutral solitons is
the lowest triplet state. The spins constituting the triplet state can
dissociate to give rise to two neutral solitons each with spin-1 [168].
There have been studies of the triplet state [169, 135, 170], with this
idea in focus employing the optically detected magnetic resonance
technique [171]. Another excited state that has been discussed in
the context of solitons is the 21Ag state. It was shown by Tavan and
Schulten in the context of finite polyenes that this state could be re-
garded as composed of two triplets [153]. This was also later studied
by others with a view to find the relaxation products of the 2' A,
state. It is worth mentioning that among these studies, the work of
Su dealt with longer polyene chains. Su [172] who employed a degen-
erate perturbation approach in both the weak correlation limit (U as
perturbation) and the strong correlation limit (spin-lattice model),
found that in both limits the 24, state relaxed to four solitons. How-
ever, it should be pointed out that the perturbation theory employed
by Su is not size-consistent, because the double excitation configu-
ration has been mixed with the ground state configuration. Thus,
his result for N=80 is not reliable in the weak correlation limit. In
the strong correlation limit, it is now well established that employing
spin models is quite inappropriate [152, 173].

In the SSH model, both neutral and charged solitons will show
an absorption peak at half the energy gap between HOMO and
LUMO. Experimentally, both charged solitons and neutral solitons
are claimed to be photogenerated and they show absorption features
which are distinct and at two different frequencies [174, 175]. This
feature is believed to be due to electron-electron interactions. It is
by now well established that electron correlations remove the no-
tion of a mid-gap state in the neutral odd-polyene compounds; this
is demonstrated by the fact that in undistorted finite polyenes, the
optical gap of both odd and even polyenes plotted as inverse chain
length, fall on the same straight line in the PPP and the Hubbard
models [176] and extrapolate to the same infinite chain value. In
the dimerized case, while the odd and even chains extrapolate dif-
ferently [177], the optical gap in the infinite chain limit are quite
close in value. However, in the SSH model, the odd and even car-
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bon polyenes would extrapolate differently and for zero dimerization,
the extrapolated gap would be zero while for non zero dimerization,
the gap for even carbon polyenes would be twice that of the odd
carbon polyene, in the limit of infinite chain length. With regard
to the doped states, it is well established, experimentally, that the
neutral, positively charged, and negatively charged solitons absorb
at different energies [178].

Thus, in so far as energetics of low-lying excited states of odd and
even carbon systems and doped systems are concerned, once electron
correlations are introduced, the notion of solitons as elementary elec-
tronic excitations becomes somewhat blurred [128]. Moreover, it is
important to evaluate whether the associated topological features of
the low-lying excitations survive when we introduce realistic electron-
electron correlations. The purpose of this chapter is to study the
equilibrium geometries of excitations in the Peierls-PPP model and
discover if there is a relation between the relaxed geometries and the
topological lattice distortions associated with solitons in the presence
of realistic electron correlations.

We have employed the PPP model with independent bond distor-
tions for a fixed electron-phonon coupling constant. The distortions
of the bond lead to change in the corresponding transfer integrals.
The bond distortions are introduced such that the total bond-order
of the chain remains a constant. In the absence of this constraint, the
purely 7 electron Hamiltonian would lead to a collapse of the chain to
a point since the total energy of the system tends to decrease with de-
crease in chain length; equivalently, the 7 electron Hamiltonian does
not have an in-built repulsive term which keeps the atoms apartsince
this term comes from the o framework and the internuclear poten-
tials. Imposition of the constraint of constant total bond-order serves
the purpose of the o framework and the inter-nuclear potentials.

The model Hamiltonian including the electron-phonon coupling
is given by:

; U
H= Z(l +6)(Biir1 + hee) + 5 an(nl ~1)
: K3

+ 3 Vi = Doy = 1) + 5 7 (43)
17 i
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where ) is the dimensionless coupling constant, J; represents the devi-
ation of the transfer integral for the 7, i+1 bond from uniform transfer
integral. All the interaction integrals appearing in the Hamiltonian
are scaled in units of the uniform transfer integral. The form of A can
be obtained by noting that the alternation in the transfer integral
§ = az/ty, where « is the electron- phonon coupling constant and
z is the bond displacement. The strain energy is given by %kaﬂ /to,
where k is the force constant of the bond. The strain energy can
be rewritten as %kézto /o? and equating it to the strain term in the
Hamiltonian, namely 1/7A62 one obtains for the coupling constant
A= 20(2 /’/Tkt() .

The constraint of constant total bond-order is introduced via the
method of Lagrange undetermined multiplier, so that the functional
that is minimized with respect to §; is ¥ = H+ L, where L = (Y, d;,
¢ being the undetermined multiplier.

< F>
36 == Z < (Czaci+la + CLM%) >
? o

2
+;r—)\'(5i +(=0 (44)

The Lagrange multiplier ¢ turns out to be the average bond order
p and we get:

5 = m\(pi — P)ips = 1/2 < cleipr + he. > (45)
o

In the actual calculations, we start with either §; = 0 or the J;
value corresponding to the ground state and iterate on the §; values
obtained from the desired eigenstate until the bond order profile §;
Vs 4 converges.

The 7 coherence length for a reasonable value of the electron-
phonon coupling constant of A = 0.1 is rather large, implying the
need to study fairly long chains in the regange 40 < N < 60, where
the usual quantum chemical or related many-body methods for ob-
taining the ground and excited states to reliable accuracy fail. How-
ever, the SDMRG method can be applied to this problem since the
distortion does not break any of the crucial symmetries of the undis-
torted model. We have used the finite SDMRG algorithm in all the
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Figure 26: Bond order profile for neutral (squares) and charged (tri-
angles) solitons for a polyene chain of 61 carbon atoms.

calculations to enhance the accuracy of our computations over and
above what is inherent in the infinite SDMRG method for these sys-
tems. Besides, in the finite DMRG iteration, we obtain the bond
orders of the newly introduced bonds at each stage of the iteration
to modify the transfer integrals corresponding to those bonds at the
next stage of the iteration. The finite DMRG iterations are continued
until the bond order profile converges. Our calculations for the ex-
cited states start with the relaxed ground state geometry and hence
can give the vertical excitation energies. Besides, the calculations
for the self- consistently relaxed geometries give us the relaxation
energies for various states.

We have studied the geometries of four states, namely, the ground
state, the lowest one-photon state, the lowest two-photon state, and
the lowest triplet state. We have studied the excited states in both
the unrelaxed geometry (corresponding to the geometry of the ground
state) and the relaxed geometry, for various chain lengths. We have
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also studied the relaxed geometries of the neutral and charged soli-
tonic configurations, corresponding to the ground state of an odd-
polyene chain and its ion, respectively. For a value of the coupling
constant A = 0.1, we find that the ground state of the polyene has
a bond alternation of 4 = 0.07, which is in agreement with experi-
ments. The magnitude of bond alternation scales linearly with A for
0 < XA £0.2. We have carried out all our studies fixing the value of
A to be 0.1.

In Fig. 26, we show the equilibrium bond order profile for the
neutral and charged solitons in a polyene of 61 carbon atoms. We
find the typical tangent hyperbolic dependence of the bond order
as a function of bond number, barring the chain-end effects. What
is interesting to find is the fact that the soliton width of the neu-
tral soliton is lesser than that of the charged soliton. In fact, this
agrees with the earlier quantim chemical calculation by Boudreaux
et al. This is purely a correlation effect and the bond lengths are
rearranged over a longer length of the chain to accommodate the ex-
cess charge in the charged soliton. We also find that the relaxation
energy associated with the neutral soliton is smaller than that asso-
ciated with the charged soliton. The energy of the charged soliton
state is now dependent upon the nature of the charge and thus lifts
the degeneracy of the positively and negatively charged solitons.

In Fig. 27, the relaxation energy of the 24, and 1B, states as
well as the relaxation energy of the polaronic ground state are plotted
for various chain lengths, for an electron- phonon coupling constant
A = 0.1. The 24, relaxation energy is 0.8 & 0.06 eV for all chain
lengths studied and is in fact the largest in magnitude of all the
states considered in this study. The relaxation energy of the 1B,
state is 0.2 + 0.01 eV while the polaron relaxation energy is about
0.04 eV in the long chain limit, which is about the same as in original
SSH model. Note that in SSH model, the relaxation energy of 1B, is
about 0.56 eV, thus correlation which induces eletron hole binding,
tends to reduce the relaxation energy of this excitation.

In order to understand these relaxation energies, we need to look
at the bond-order profiles of these states, see Fig. 28. The ground-
state equilibrium geometry corresponds to an almost ideal bond al-
ternation pattern along the entire length of the chain, except for
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Figure 27: Relaxation energies of the 24, 1B, and polaronic states
as a function of chain length.

some chain-end effects. The 1B, excitation shows an almost gradual
distortion of the profile with the largest change in bond order for the
central bonds is about 0.15 (while at the ends the difference in the
bond order profiles of the 14, state and the 1B, state is much less).
In contrast, the 24, profile is very different from the ground state
bond order profile. In fact, the bond order profile of this two-photon
state shows the signature of two soliton-antisoliton pairs; the bond
profile of the triplet state shows one soliton-antisoliton pair. The
rather large deviation of the bond order profiles is consistent with
the fact that the relaxation energies associated with these states are
considerably larger than the relaxation energy of the 1B, state.

In the original SSH model, the relaxation of the 1B, state goes
to a charged (S*/S™) soliton pair. However, once electron correla-
tion effect is taken into account, the negative and positive solitons
appear to attract one another to form an exciton. Nevertheless, ex-
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Figure 28: Bond order profile for the 144, 24,, 1B, and lowest triplet
states as a function of bonds in the chain for the N=40 chain.

perimentally, photo-excited charged solitons have been observed. We
can reconcile these contradicting results by recalling that the exciton
binding energy for polyacetylene has been found to be small (less
than 0.1 eV). Thus, the appearance of photo-induced charged soli-
tons can be due to the relaxation of higher B, states which form a
continuum band and where the electron-hole separation is large so
that correlation is very small. Thus, the main conclusions from the
SSH model does hold for these band states.

8 Concluding remark

To summarize, we have presented a review on the renormalization
group theory in the reduced many-body density matrix basis (DMRG
method), and we have applied it to conjugated organic systems, with
both short range and long range Coulomb interaction potentials. We
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have developed the symmetry adaptation in the DMRG framework
which enormously facilitates the computations of excited states and
therefore the evaluation of the linear and nonlinear optical properties.

It has been shown that the ground state and the lower-lying ex-
cited states can be calculated for rather large systems (up to about
80 carbons), with extremely high accuracy. The nonlinear optical
properties of conjugated chain can be evaluated through the correc-
tion vector method. Both the linear and nonlinear optical excitation
spectra have been obtained and highlight several features of the ex-
cited state structures. The 1B, exciton binding energy has been
evaluated in the Peierls-Hubbard model. For a wide range of param-
eters, our results agree with the experimental data on polyacetylene
(Ep = 0.1 eV). In the case of poly-(paraphenylene vinylene), the
DMRG results support experimental findings which have shown the
exciton binding energy to be 0.2 - 0.4 eV. Three kinds of cross-over
behavior in the 1B, /24, ordering have been demonstrated as a func-
tion of: correlation strength (U-crossover), geometry (§-crossover),
and most importantly system size (N-crossover). For a set of param-
eters adapted to polyenes, we find that 24, is always below 1B,
and as chain length increases, their difference first increases, then
levels off, and finally decreases. We have also investigated the lattice
relaxations in various excited states, which manifest the competing
electron-electron and electron-phonon interactions: (i) the 1B, state
induces a more or less uniform reduction of bond-length alternation,
with a relaxation energy around 0.2 eV; it does not lead to the for-
mation of soliton-antisoliton pair as predicted in one-electron theory;
(i) the 24, state corresponds to a four-soliton structure, with a large
relaxation energy of about 0.8 eV; (iii) the lowest triplet state corre-
sponds to a well-confined soliton-antisoliton pair.

Although, throughout this work, we have presented results ob-
tained on linear structures, the DMRG method is more general. In
a recent study, the actual chemical structures of poly-paraphenylene
and PPV have been taken into account [67]. The principle of the
DMRG iterations for such systems is sketched in Fig. 29. Even
though the 2-dimensional nature of the phenylene rings appear to
contribute to a reduction in the DMRG accuracy, the one-dimensional
extension of the polymers compensates for it. The general applica-
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tion of DMRG for arbitrary structures deserves further study and is
actively pursued.
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OUTLINE

Density functionals defined within the Kohn-Sham theory
for the complementary subsytems are investigated using the
familiar coupling constant integration technique, linking
the Kohn-Sham subsystems, consisting of the non-
interacting electrons, and the subsystems in the real
system of the fully interacting electrons. The formal
definition of the nonadditive functionals is given, using
the constrained search construction of Levy, appropriately
reformulated in the subsystem resolution. Selected paths
of scaling the intra- and inter-subsystem electron
repulsions are examined. They correspond to both uniform
and nonuniform  scalings of electronic charges in
subsystems. Integration of the Hellmann-Feynman theorem
for the scaled Hamiltonians, and the relevant partitioning
of the exchange correlation hole into the intra- and
inter-subsystem  contributions, give rise to integral
expressions for the nonadditive kinetic energy and various
components of the exchange-correlation energy in the
subsystem  resolution. General implications of these

formulas are examined.
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1. INTRODUCTION

The density functional theory (DFT) of Hohenberg, Kohn
and Sham (1-5) has effected a progress in the theory of
chemical reactivity by generating new reactivity criteria
and novel descriptions of reactive systems at typical
stages of the reorganization in the electronic structure
of reactants: the electrostatic, polarization and charge-
transfer (3,6-11). It has provided, within the charge
sensitivity analysis (CSA) (6,7), a thermodynamic-like
perspective on the reactant responses to changes in their
environment caused by the presence of the reaction
partner. The predictive potential of the semiempirically
parametrized CSA in atomic resolution in diagnosing the
reactivity preferences in large model chemisorption
systems (9,10,12,13) has prompted a progress towards the
corresponding orbitally resolved ab initio formulation in
the so called local resolution (6,10,11,14).

The Kohn-Sham (KS) theory for sybsystems (10,11,14,
15), a direct analog of the corresponding Hartree-Fock
approach (16,17), which can be used to define the chemical
potential, hardness/softness or the Fukui function (FF)
characteristics of reactants (10,11), involves the so
called nonadditive kinetic energy functional of the non-
interacting system (14), the structure of which is still
little understood. Similar nonadditive contributions to
the exchange-correlation energy may play a vital role in

the DFT treatment of the reactive systems, van der Waals
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complexes and in uderstanding the dynamical (short-range)
vs. nondynamical (long-range) correlation effects in DFT
(18). The eventual use of the DFT calculations in determi-
ning the relevant correlation components of the potential
energy surfaces may facilitate a Dbetter analytical
modeling of the electronic energy sufaces for chemical
reactions, e.g., using  the atomic/diatomic cluster
expansion of the many-body (MB) and double many-body
(DMBE) expansions (19).

The present work focuses on the coupling constant
integration (CCI) analysis (20-22) of such nonadditive
functionals. After a brief summary of elements of the
electronic structure theory for complementary subsystems
and the relevant forms of the Hellmann-Feynman theorem,
the constrained search  construction of  nonadditive
functionals is outlined. They are defined as differences
between the corresponding functionals of the sum of the
subsystem densities (corresponding to the equilibrium
state of the mutually open subsystems for this constrained
overall density) and densities of the mutually closed,
polarized subsystems (corresponding to the intra-subsystem
equilibria). Several CCI-paths are explored in the plane
of subsystem coupling constants, controlling both the
intra- and inter-subsystem electron repulsions. They
correspond to both the uniform and nonuniform scalings of
electronic charges in the two subsystems, and they expose
various contributions to the overal exchange-correlation
hole. The CCI integrations provide integral constraints on

the functional for the overall exchange-correlation energy
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in the subsystem resolution and on its effective intra-
and inter-subsystem contributions. The atomic wunits are

used throughout the paper.

2. SUBSYSTEMS AND NONADDITIVE FUNCTIONALS

2.1. Complementary Subsystems in M = (4|B)

Consider two complementary subsytems £ and B of the
combined molecular system M = (4|B); these fragments
consisting of Nsd and NSB electrons, respectively, moving in
the fixed external potential v(r) due to the nuclei of
both subsystems, are mutually closed but interacting. We
shall denote such a combined system as (4]B), with the
perpendicular full line symbolizing that the flow of
electrons between the two subsystems is prevented by a
hypothetical barrier, e.g., between reactants at the
polarization stage of a reaction or between an adsorbate
and a substrate in the physisorption system.

At the quantum-mechanical level two subsystems are
distinct, when each is described by "its own" wavefunction
or density matrix. In the pure-state description the M
wavefunction is the "symmetry-adapted" (inter-reactant
antisymmetrized) product of the subsystem wavefunctions,

each individually normalized and antisymmetric (16,17),
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ixh BBy = Mt oF), (1)

here xsa=(x x, ) and xB=(

s ey X R S )
1 N d N sd+1 N=N ad+NfB
are the space-spin coordinates of electrons in & and B,
respectively, ¥ is the normalizing factor and AsdB denotes

the partial antisymmetrizer including all transpositions
that exchange the electronic spin-position arguments
between the two groups of electrons (see Appendix). The
ensembles of such states, defining the group density
matrices, involve mixtures of such functions defined by
the relevant equilibrium state probabilities.

The ground state \I/M(‘I/sa, WB) follows from the statio-

nary-value problem of the expectation value of the

electronic energy EM[\IISQ, \IJfB] = EM[\I/M]:
seMe?, B = st ots s 9ty = o, (2a)

At the optimum \I/M(\I/sa, ‘I/B) this wavefunction energy
functional must be stationary with respect to the first-
order variation of \I/M, i.e., for variations preserving the
number of electrons in each subsystem. This variational
principle is thus satisfied in the subspace of variational
functions represented by the limited, polarization CI
expansion with the fixed partitioniong of the electrons
into groups, disregarding the possibility of the charge

transfer between orbitals of both subsystems.
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In the subspace of the trial functions defined by Eg.
(1) the first-order variation of \I/M can be realized by
variations of either \I/sg or \IIEB, subject to orthonormality
of the two functions. In other words, since each variation
of the subsystem function makes its own first-order change
in the system energy, we have to consider only one at a
time. A variation S\I/x is constructed from the X-group
orbitals alone, these being orthogonal to the Y(#X)-group
orbitals, so that \I/fx will remain strong-orthogonal to \Py.

For the (S\I/M)* variations the stationary value problem
of Eq.(2a), <6leﬁM ~ EMI\I/'M> = 0, is therefore equivalent
to the M-Schridinger equation:

gt M o MM (2b)

which can be recast into the corresponding eigenvalue
problems of the effective hamiltonians of subsystems (17),
i.e., the effective subsystem Schrédinger equations.

Let us write the electronic hamiltonian of M as the
sum of the hamiltonians for the separate group of
electrons by themselves, and the remaining inter-group
electron repulsion operator,
atxd, <P = 1t + 1Pa®) + 4 B

(x

M4 B ~d 4 "B, _B {/s:éfB ), (3a)

where the subsystem hamiltonian fo(xfx) groups the Kkinetic

~

(T:E), external potential (Vth)’ and the intra-X electron

repulsion (VZe) energy operators,
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X, X 1 -1
H(x)——égA.+Zv(r.)+Z Y Iri—r‘jl

iex v iex t ieX j(>i)eX
Toeg B0+ L T gl )
ieX j(>i)eX

i P 4 X X cX X P B 4 Aflf X

= [T_(x7) + VL (XT)] + VO _(x7) = #7(x™) + (x™); (3b)
ee ee
here
_ X
vir) = - % (¥ Z/Ir =Ry} = § vi(r) (3c)
X=«4,8B XeX X=4,8B

is the system external potential due to the nuclei of both

subsystems and

‘4, B o
Voo = Tiey Lieg 8l D (3d)

The electronic energy EM can be also expressed as the
sum of the energy Ey of electrons of the Y-group alone in

the field of nuclei, and the effective energy Efexff of

electrons of the other group X in the field of the nuclei

and in the presence of electrons belonging to group ¥:

Ey = <\Izy [ Hy | \I/y>/<\11y | \Ily>, (4b)

X M s A’“lep’“>/<\pm|w’“
eff

b S 4 x X, X
= <¥ lHeffI\I/ S/<ET T, (4c)
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ﬁfX X =X X XX ~X Y

eff(x ) = Heff(x ) + Vee(x )= H ff[\I/ 1, (4d)
~ X X, X, X ~d,B M
}(’.e.ff(x ) = B (x7) + 01/ IV |y X,y, (4¢)

and the symbol <>z stands for the integration over the
subset z of XM
The subsystem wavefunction \I/:x then satisfies the
effective stationary value problem for the fixed \Py:
X X Y

, XY o
5Eeff[\ll ; U] = S{«v IHeff[‘I! HE>/<¥™ | ¥7>) = 0, (5a)

or equivalently <6\I/ IH \Ilyl X [\I/‘y]I\I/:x> = 0, i.e.,

erf¥ 1 T Eopp

the effective subsystem Schrédinger equation:

X Y, X X Y, X

H ]V = FE U] v, 5b

ef f[ ] ef f[ ] (5b)
One can also consider the eigenvalue problem of the

hamiltonian fo, of X-group electrons alone in the external

potential generated by the nuclei of both subsystems

[Eqs.(3b),(4b)].

X (x%) “(x“) = £ o (x%). 6)

This is equivalent to scaling down the electronic charges
in the other subsystem to zero. For the external potential
of the isolated fragment X, v(r) = vfx(r), due to the
nuclei belonging to X alone, this equation represents the

separate fragment Schrédinger equation.
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2.2. Hellmann-Feynman Theorem

Let us further assume that the fragment hamiltonians
(H:x, Hsz, X = 4, B} depend on parameters A , and A e.g.,

A B’
those scaling the electron interactions inside 4 and B3,
respectively, corresponding to the 7\:41/2 and 7\%1/2

scalings of the respective electronic charges:

- o), BY =t

o) Hepp = Hopyl

A.sd’ AB), X =4, B (7)

Then the subsystem energies are functions of these

parameters:
O s ~x 5 ¥ ¥
Es(AfX) —<\I/S(?t:x)|H (AX)I\I/S(AI)>/<‘I’S(7\I)|‘I’S(7\fx)>,
08 ¥ Y x
EY (A ) = <¥ [HY (A )| >
efr s Aprg err B o

X q’% A "I’f A >

P

It immediately follows from the hermitian character of
the respective subsystem hamiltonians and their eigenvalue
equations that these energy functions satisfy the
following differential Hellmann-Feynman theorems:

x X ~ x
E _(Ay)/00y = <¥_ (o) |8BH (Ag)/ORo [ (A5 )>

X X -1
x <\I/S(7tfx) I\PS(AID , (8a)
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x x ~q x
BE™. . (A ,A)/ B, = <¥ |aH” _ (A ,,A,)/8A,, ¥ >
eff "4 B Y Aprg  eff 478 YA g
x <\p§ A |\p;’f N >’1, A, Y = 4, B. (8b)
478 w8

For example, the differentiation of EZ(?\ ) and use of

x
Eq.(6) directly give Eqg.(8a):

X X

. x
(BE (A )/80y) < (A 1V (Ag)>

X X X
+ ES(ATX) 6/6A:x<\lls(hx) | \I/S(A:x)>

X o X
= \\I/S(AX)IGH (fo)/ahfxl\l/s(?\:xb

X X X
+ ES(A:X) 6/6Ax<\lls(7lfx) |\I/S(7\:x)>.

Similarly, differentiating Eeffmsd’xﬂ) with respect to a

single scaling factor and using Eq.(5b) leads to Eq.(8b).

An analogous theorem,

A>

M M ~ M M
W

oFE (7\84,7\13)/6?\:r = <\I/A£ A | 8H (7‘34’7‘13)/6?‘9(”’

B
xpﬁf X ot T (8¢)
4 B 4B

x <

is satisfied by the total energy of M [Egs.(2),(4a)l:

M M

M M M
E (7\34,7\58) = QI/?\ 5 |H (Asa,AfB)l\I’ >/<¥ | ¥ >.

4B LB 4B 4B
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2.3. Kohn-Sham Scheme

In the KS orbital approximation the strong-orthogonal
group functions are the Slater determinants Qsa((tba}) =
Qsa(q)sg) and @B((¢b}) = <I>fB(¢fB), defined by the disjoint

subsets of the ortonormal subsystem occupied spinorbitals
(SO): ¢:x = (¢x , ¢x’ , ...), X = 4, B. These group

functions determine the overall wavefunction [Eq. (1)] of

M = (4]B), \IJM = \I/M(Qsa, <I>EB). Let go'{r ={¢._, 9 ,, ...) and
" x x

¢ = (Cx , Cx, , ...) denote the row vectors of the
spatial parts (orbitals) and spinfunctions of the

subsystem SO: {p_ (x) = ¢ (r)C (o), x € X = (4, B)}. We
Xy x x

shall denote by n™ = (nx S NP ...} their electron

occupations. Here Cx(o) is the spin function for either

the spin-up (Cx = «) or spin-down (cx = R) electrons. For

the given sets of the spin components the subsystem Slater
determinants are dependent upon the shapes of the occupied
<I>sa(<psd) and <I>EB = @B

orbitals, <I>Sd = (gofB), which determine the

subsystem electron densities {px(r‘)},

py(™) = T n_lp _(r)1, X =d B (9)
xeX

and hence also the overall electron density of M = (4|B):
p(r) = psd(r) + pB(r).

The subsystem SO, ¢ = (¢'4, ¢fB) = (¢1, ¢2, . ¢N),
must be othonormal, (<¢i|¢j> = ai j), and their
occupations should fall into the physically acceptable

Pauli limits: 0 = n, = 1, here the subscripts i and j
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extend over all SO in M. Therefore the orbitals should be

orthogonal both internally (intra-subsystem),

(a, a’) € 4,

<¢a | ¢a’>

1]
o7}

a,a

By 10,> = 8y o s (b, ) € B, (10a)

and externally (inter-subsystem),
> = 0.
<19, 0 (10b)

Recently, a construction of such subsystem orbitals
from the overlaping densities Py and Py (Fig. 1A) has been
proposed (15), on the basis of the earlier developments
(23-27) for the overall density p. Such density conserving
orbitals can be used to describe the sybsystem
wavefunctions that yield the prescribed densities of these
complementary framgments of M, e.g., in the subsystem
application (15) of ’the Levy (28) constrained search
construction of the functional for the sum of the
electronic kinetic and repulsion energies.

The KS equations for the optimum orbitals of the
polarized subsystems in M are (10,11,14,15):

h"(r) ¢ (r) = e <px(r), x e X =4, B, (11)

ey = - La+ vy ), (12)

corresponds to the hypothetical, separable system of fo

noninteracting electrons moving in the subsystem effective
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one-body potential

X X

VersT) = VerslPy Py T

’ _ ’ -1 3 x .
vir) + J p(r’) Ir - r’| ~ dr’ + ch[psd’ Pp rl

X
vH[p, r] + vxc[psd’ Py rl. (13)

The latter consists of the Hartree potential, vH[p; rl,
generated by the system nuclei and the overall electron
density p(r), and the subsystem exchange-correlation
potential, vic[psd, Pgs rl, including a correction due to
the nonaddiditve Kkinetic energy Tgadd[psa, pr] (14) defined
as the difference between the kinetic energy of
noninteracting electrons of both fragments in M, T/g[psd,
pr] = Ts[psd + pr]’ and its additive part, Tzdd[psd, pr] =
TS[psal + Ts[pB]:

nadd

Ts [psa, piB] = Ts[psa + pr] - Ts[psa] - Ts[pr]’ (14)

x _ M -
veff[psd, pg: T1 = 8/8p(r) {E lp 4 pgl - T lp 4l - T lpgl

s BTzadd[psa’ Pg!
= W{(Eext[p] + Jlpl + Exc[P]) + 5P:x(l‘)
nadd
v pirl e s Pa Pp)
B Veff‘p’ pr(r)
é nadd

=% (£ lpl + Jiph + 2

dplr) "ext pr(r)(Exc[p] * Ts [

psa,pr])
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v [p, r] + 6E ]/Bp:x(r)

Py Pg

X
vH[p, r] + vxc[psd’ Pg rl. (15)

Here the energy density functionals have their usual
meaning: Eext[p] is the attraction energy between
electrons and nuclei,

Eext[p] = [ dr p(r) v(r) dr, (16)

(Ts[pfl’]) are the subsystem kinetic energies of independent
electrons, J[p]l stands for the classical coulombic

repulsion energy of all electrons,
1 , »~1 )
Jlpl = 3 J T plr) pr’) Ir - r’| ~ dr dr’, (17)

and Exc[p] is the exchange-correlation energy for the
overall electronic density.

Let the vector w/“[p] = (wl[p], !/12[p], ...) groups
the occupied orbitals for all N electrons (Fig. 1B),
defining the determinant <I> lﬁ p M]) of M as a ;{Vhole which
gives rise to the sum of subsystem densities, ¢ \ll ) > Py

B

for the specified occupation numbers d = (dl’ d2, ..

2 = .
plr) = EL: dilwi(r)l = % pi(r) =Pyt Py (18)
These orbitals result from the Levy constrained density
search.

It should be emphasized at this point that p P is
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different from the optimum density pq.E for the internally
open JM“E = (4{B), i.e. for the equilibrium density of M as
whole, in which the barrier preventing the charge transfer
between the two fragments has been removed. In other
words, the overall density of M at the polarizational
stage is different from that at the charge transfer stage.
The same is true for the corresponding orbitals and the

determinants they define:

| -M. > - * - * - *
WMo, 2 6107 = @lle™), B00TL s Byle D,

*

Mo, = oM WM 10D,
Above the functional relation JJ'M[p*] implies
#* - - 2 -
p(r) =% dil‘/’i(P” =) pi(l‘),
i i

with the row vector d = (c—il, c_12,

tions of the KS orbitals KZIM.

...) grouping the occupa-
. -M, * . -
The optimum orbitals Y  [p ] satisfy the familiar KS
equations:
h (r) g,(r) = g, v, (r), i=1 2, ..., (19)
with the effective one-electron hamiltonian

< - 50+ veff[p*; rl. (20)
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2.4. Nonadditive Functionals

The kinetic energies defining the nonadditive
functional of Eq.(14) are known functionals of the optimum
KS orbitals of # = (4|B) as a whole, ng = wm[p =Pyt pB],
and those of the individual subsystems in M, ¢ = ¢ [psa,
pr], X =4, B:

Tiddfpsa’ Pgl = Ly, 8 Lyex " PxlPa P!!- %A""x[psa’ Pyl
(21)

M = = 1
Ts[psa, pr] = TS[p] = § di<llli[P” 3 Alllli[P]>- (22)

These optimum obitals, which yield the prescribed
density p of M (Fig. 1B) or densities {psa, pr) of its
subsystems (Fig. 1A), can be formally defined as the
corresponding density functionals (15) via the relevant
Levy (28) constructions, respectively searching over the

Slater determinants conserving the overal density, @M(tﬂm >

P =Pyt Py

FKS[p] Ts[p] + Jlpl + Exc[p]

, MM - M, M
min <@ (y )|Te + Veelé Y )>

M
¥ -p
oMM - > MM
= <d" (Y [p])lTe +V_ 197 W el)>, (23)
and over all the antisymmetrized products of the subsystem

Slater determinants [Eq.(1)], \I/M((Psa(gosd), <I>B(§08)) \IJM(q)Sd,

P

<pB), preserving the subsystem densities, ‘I/M(éd(w > P L),
]
@B(B% ))=\I/M(84—) B—) )
¢ pB = ' Psa» ' pr ,
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M _ ..add
Frsleg pgl= T oy Pyl 4
+ Jlpl + (E_ [p] + T”a LY )

)

add
TS [psd, pﬁB] + Jlpl + E [psd’ piB] (24)

min  min <%, BeD)IT
4 B €
P ")psa (4 9PB R

v__ 1%, o™y

M A B -
= <Ve lp g gl 07 lp g PEDIT,

~

M, A B
VeeI\I/ (¢ [psd, pr], @ [psa, pr])>. (25)

Above the kinetic energy (Te) and electron repulsion

(Vee) operators, correspond to all N electrons in M,

A, (26)
: -1 -1 _ N-1 o
Vee = ZIZ 1 ZI}:m Iry -~y 7 = Z1;I=1 ZI;{=i+1 g, Jj, (27

The density functionals for the optimum KS determinant

of M as a whole, QM[psd + ] = QM(WM[psa + pB]) and the

"5 Y 4
two subsystem determmants o [psd, pB] =& (p [psa, 1) and

B
) [psa, pr] d) (<p [psa, pB]) which determine the resultmg

functional for the KS-type wavefunction describing the
subsystem electrons,

~

M _ i B
Vilp p pgl = N Asd,fB@ le g gl 7o 4 pplh (28)
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then allow one to formally define nonadditive density
functionals of a general physical property A through its
known dependence on the wave function, A[¥] = <¥|A[¥>/

<¥ | P>:

nadd

M «
A [psa, pr] = A[¥ [psd, pr]] - Al® [psd, pr]]

—A[@B[psa, . (29)

Pg

The corresponding definition of the nonadditive
component of a property Bipl], defined by an explicit

density functional, is:

nadd

B [psd, pr] = B[psd + pB] - B[psdl - B[pﬂl. (30)
For example, in the particular case of the classical
electron repulsion energy Jlpl one identifies the
classical electron repulsion energy between the two

subsystems in M, J 1, as the non-additive part of

48P0 PB
this energy contribution:

dd
Jhé lpg pgl = Jlpy + pgl = Jlp ] - Jlpg

=[S psd(r) pr(r’) Ir - r’I—I dr dr’ = Jsd,‘B[psa’ pB]. (31)
Similarly,

ER2%%p o pgl = E_lp, + pgl - E_lp ) - E_lpgl,  (32)
Fnadd[psa’ pgl = J 4 plPy Pyl * Eraley pg)

nadd
+ Ts [psd’ pﬁB]’ etc. (33)
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It should be emphasized that in the Kohn-Sham descri
ption of the ground-state in M = («4]8B), the subsystem
electrons in fact represent two distinct components exhi-

biting different levels of the chemical potential,

= aEv(Nsd’ NiB)/aN *

4ly * Bg = 9E (N, NZ)/oN

, (34)
v

Ha B

identified by the highest occupied KS orbital eigenvalues
in 4 and B, respectively (4,11). Therefore, we must admit
that the subsystem electronic densities can be coupled in
the scaled interaction systems to the separate, generally
different scaled external potentials: Py - to vsa and Pg -

to sz. The overall density p = p, + Py representing a

«
single electronic component, is coupled to the common
external potential v‘ch: vsa = va = vsa‘B. In such a general

case of the intrareactant equilibria the energy contribu-

tion Ee ], due to the interaction between the

xt[psd’ Py
subsystem electrons and their respective external poten-

tials,

nadd

ext [psd’ pr] = Eext[psd * p.‘B] - Eext[p.d] - Eext[pr]

= Mip ) + pB(r)lvs"fB(r) - p ) ) - pg(r) vBr)y ar.
(35)

The additive character of this energy contribution is thus
obtained only for the common external potential coupled to

both subsystem densities, equal to that corresponding to
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the overall density p: vsg = va = vsafB. This is the case in

the wunscaled molecular system, consisting of the fully
interacting electrons, in which both subsystem densities
are coupled to the external potential due to all nuclei in

M:v£=v8=v£3=v.

3. SCALED HAMILTONIANS

Let us combine the subsystem operators for the
kinetic, external potential and the electron repulsion
components, respectively, in the electronic hamiltonian of

Eq.(3) [see also the definitions of Egs.(26) and (27)I:

~M o B, . d B ~d i
H (Nsd’ v NEB’ v) = [Te(Nsd) + Te(NfB)] + [Vext(Nsd’ v
~B B ~d ~B ~4,B
+ Vext(NB’ vl o+ [Vee(Nsd) + Vee(N‘B) + Vee (Nﬂ, NB)]
_ oM “M a B, M
= Te(Nsd’ Ng) + Vext(Nsd’ v Ngg’ vo) + Vee(Nsd’ Nﬂ). (36)

We shall also distinguish the corresponding operators in

the hamiltonian of the 4B system as a whole:

- 4B, - AB ~
H(N, v ) = Te(N) + §i=1 v (Pi) + Vee(N)
ST +V N VB v v . 37)
ext ee
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3.1. Uniform Scaling of Electronic Charges in

Subsystems

The familiar technique of the coupling constant
integration  (20-22) provides a link between the
hypothetical Kohn-Sham system of noninteracting electrons
and the real fully interacting system. It also represents
an attractive tool for a direct investigation of the
exchange-correlation functional. In the subsystem
resolution one can envisage a similar uniform scaling of
all electron repulsions {g(i, j)} wusing the common
coupling constant 0 = A = ] for both subsystems. This is
equivalent to the ?\1/2 scaling of the electronic charges

in the uniformly scaled hamiltonian

~ M 4 B, _ M

H}\(Nsd’ Vs NfB’ vh) = H?\
~M ~M sd M
_Te(Nsd’ fB)+V t(Nsd’ B,v)+?\V (Nsd’N )
E'}M+\A/M ()+7\VM, (38)
e ext

where the operator of the interaction energy between

electrons and the scaled external potentials of

subsystems, {vi(r)},
M _ ~
Vext fo =d,B Zlefx A(l" ) = fo=sd,8 Vext(l). (39)

We shall denote the scaled molecular system M?\’ described
by the hamiltonian of Eq.(38), by M(A, A) to explicitly
indicate that the charges of electrons in both subsystems

are scaled by the same factor 7\1/2.
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By hypothesis the potentials (v;f(r)} are chosen in
such a way that the scaled ground-state densities of

subsystems in M(A, A),

oM Mo X %
pA(r) = <\Ilhlpfx(r)l\llh> = <\I/A|p:x(r)|\11 >,
;x(r) = T,q 8, - 1), X =43, (40)

corresponding to the scaled ground state wavefunction \I/>l

548(\1/ }and energyE (A) —<\I/ IH I\I/M> are both inde-
pendent of A and identical with the exact ground-state

subsystem densities of the interacting system M(1, 1):

X X - _
ph(r) = ph=1(r) = p:x(r), X =4, B. (41)

In other words, the two scaled subsystem external
potentials are defined to give rise to the true ground
state densities of interacting subsystems, irrespectively
of the current value of the the scaled electronic charge,

which we indicate by the following mapping relation:
[vsg va} — p, ppl
AT A 4 "B

It should be noticed that in general, due to different
effective contributions from the Kkinetic energy functional
[Eq.(15)], the two scaled external potentials for
subsystems differ from each other for 0 = A < 1. The

scaled ground state wavefunction \I//;f is the lowest energy

eigenfunction of H/f [see Eq.(2b)]:
}“{M M M M

N \PA = E(A) \IIA' (42a)
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The scaled subsystem wavefunctions \11;1

ground states of the corresponding scaled effective

and \I/’;Bi are the

hamiltonians {Hsz(l)) of subsystems in M(A, A) I[see

Egs. (4d,e) and (5b)],

a0 H 0 e kT = e - e, o)
<t 1V B w’;‘(x““»xy]} sav¥ o)
= M)+ VI py kD« VT )
= JA{fo[A, p,y] + M}Ze
- (%Z " \A/”e‘xt(a)} . A\“/ngm, Pyl (43)
H 0 et K Y KT = B oo o)
= EX D, o1 ¥X1p%; <"1 = Esz(h) ¥,

(X # Y) =4, B. (42b)

The above definition of the scaled external potentials
of subsystems immediately implies their shapes for the

limiting values of A (see Fig. 2):

T o= ;]
Va=0'T) T VerrtPy Py TH
vi_(r) = vir). T =d B (44)

Such a uniform scaling of electronic charges in M(A, A)

corresponds to the path 1 in Fig. 2.
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v, 0g; 1] v [0y 1]

B .
ve?f [QA’ QB’ r] Vef‘f[QAa QBD r]

Figure 2. Uniform (1) and nonuniform (2-6) scaling paths
of electronic charges in the complementary subsystems of M
= (4]|8B). The subsystem external potentials of the scaled
hamiltonians for the starting and end points of each path
are also listed, with  the upper (lower) entries
corresponding to o (B).
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3.2. Separate Scalings of Electronic Charges in

Subsystems

In the KS theory for subsystems one can also envisage
the non-uniform scalings of electronic interactions
(charges), defined by the separate coupling constants for
each subsystem: O = A, =1 and O = A_ = 1. The resulting

A B
non-uniformly scaled hamiltonian,

M F B M

H (N ,, v ;i N, v = H
A&’AB Pl Asd’)\ﬂ B AA’AfB Asd’AEB
~M ~M A B
=T (N, N, +V (N ,, v ;s N, v )
e 4 B ext 4 7\34,7\58 B 7\34,7\8
~d 1/72:4,8 ~B
Astee(Nsa) + (AsdAﬁB) vee (Nsd’ NTB) + Aﬂvee(NfB)’ (45)

defining the subsystems in M(A o ;\fB)’ includes the intra-
subsystem electron interactions Vﬁe and er, scaled by the
corresponding subsystem coupling constants, the geometric
average of which provides the scaling factor for the

. . ~d,B
inter-subsystem electron repulsion operator Vee .

It is again assumed that the scaled hamiltonian H

A 84,7\?3
includes the appropriately modified external potentials
(v;f N (r)}, coupled to the respective subsystem densities

4B

(pfx (r)}, in the external potential operator
A,&’AB

~M A B ~M
\Y% (N, v ;i No,, v ) =
ext  d A&’AB B 7\34,7\58 ext

X _ i
= Zix=sd,‘B[ziefx Vlsa,kﬂ(l"i)] = EfI=s4,fB Vext(h.ud’ 7\8) (46)

(Asa, ?\B)
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They are chosen in such a way that the ground-state

),

densities of subsystems in M(A & A

B

p;{ A (r) = <\I/f A Ipx(r)l\lljf ke

4B 4B 4B
= <\IJ§ N I;x(r)l\llf 2 >, X =4, B, (47)

4B 4B

for the scaled ground state wavefunction of subsystems

M N P B

v =N A, (¥ v } (48)
?\54,7\8 4,8 Asd’AfB A&,AB

are both independent of the two coupling constants and
identical with the true ground-state densities of the
fully interacting electrons in M(1, 1):

x (r) = x

(r) = p(r), X =4, B. (49)
Aﬂ,th y X

=1,AiB=1
This assumption can again be summarized by the following
ground state mapping between the external potentials of
subsystems in M(A & AfB) and the exact subsystem densities
in M(1, 1):

A B
[v NN ] [psd, pr]. (50)

Aets Maty
As in the uniform scaling case the subsystem scaled

wavefunctions in Eq. (48) are the grounds states of the

respective scaled effective hamiltonians:



Coupling Constant Integration Analysis of Density Functionals for Subsystems 245

~X e 4 Y
Heff(hsd’ AB) = Heff[hsd’ AiB’ p T x71
i S § 72 M 4, B, M
={T"+[V (A, A0+ (A AL)" T<¥ [V 7| > 1
e ext 4 B 4B Asd’k‘:B ee Asd’AfB X‘y
~X
+Afxvee
_ X ~X
- }eeff[hsd’ AfB’ p‘H] * ATX Vee
et AR § ceff
= {Te + Vext(hd’ 7\58)} + A:r Vee’fxlhd, 7\8, py], (51)
~X X X X
H A, A,) ¥ = F (A, A,) ¥ s
eff 4 "B Asd’AfB eff 4 "B 7\&4,?\8
(X =Y =4, B. (52)

The above definition of the external potentials
coupled to densities of the nonuniformly scaled electronic
charges of subsystems in M(A & AfB) again implies for the
two extreme uniform scaling points [see Fig. 2 and

£q.(44)]:

v;)f —0x _O(I‘) = vsz[psa, Py rl,
4 "B

X

VY =1 a = (r) = v(r)}, X = 4, B. (53)
47 8

Consider now a case when the charges of electrons in

one subsystem, say «, are scaled to zero: Asd = 0. Since
then electrons in {4 do not interact both among themselves,
A 4 \A/ﬁ?/2=A ;,Band with the other, B-group of electrons,
(AsdAfB) Veé = 0, for any value of AEB’
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o

«
s 0.2 (r) = veff[psd’ Py rl, 0 = 7\3 =1 (54a)
« B
Similarly, in the AZ‘B = 0 case,
B B
v)‘sg’}‘fgzo(r) = veff[psd’ Py rl, 0 = 7\84 = 1 (54b)

For the (Aad = 0, A, = 1) point in Fig. 2 the scaled

B
external potential for electrons in B corresponds to the
fully interacting electrons of this subsystem moving in
the the effective potential due to nuclei of M and
electrons in «:

B

Vhsdzo’AB=1(r) = vH[Psd; r] + ch[psd; rl = Veff[psd; rl.

(55a)

The same reasoning identifies the following scaled
external potential coupled to Py in the (7\84 = 1, AEB = 0)
point of Fig. 2:

o

vxsazz,afBzo(r) = vH[PB; r] + ch[pr; r] = Veff[p@; rl.

(55b)

Examples of a non-uniform scaling of the subsystem
electronic charges are represented by the paths 2-6 in
Fig. 2; we have summarized in the figure Egs. (44) and
(53)-(55) identifying the subsystem scaled external
potentials corresponding to the four points defining these

scaling trajectories.
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3.3. Uniform Scaling of Electronic Charges in M

as a Whole

The third coupling-constant hamiltonian to be consi-
dered [see Eq.(37)], again with all electron-electron
repulsions scaled uniformly in accordance with the global
factor 0 s k = 1 (path 1 in Fig. 2),

N, vB) 4« kv (W)
K ee

H (N, v ) H =T I(N)+V
K K K e ext

A ~

T +V_ (k) +kV_, (56)
e ext ee

includes yet another scaled external potential va,

coupled to the overall density of M, p = Pyt Py which
" i AB .
defines the operator Vext(lc) = Z?:] Vi (ri). The hamilto-
nian of Eq.(56) represents the scaled system M(k).
For the current value of the scaling factor k the
potential vf"zB is defined by the requirement that the

scaled density
pK(r) = <\I/Klp84(r) + pB(r)I\PK> = <\PK|p(r)|\I/K>, (57)

of the ground state \I/K(XM) of the scaled hamiltonian

}A{ (xM),
K
H ¢ =EK ¥, (58)
K K

is equal to the overall density p of the fully interacting

system M(1) = M(1, 1):
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pK(r) =p __.(r) =plr) = psd(r) + pB(r). (59)

This definition is therefore summarized by the mapping:

vdm >
K p-
It immediately follows from the above hypothesis that

4B
k=0

vsa? (r) = v(r) and v
k=1

(r) [p; rl (60)

= Verf

4. COUPLING CONSTANT INTEGRATIONS

4.1. Uniform Scaling of Electronic Charges

The Hellmann-Feynman theorem for the uniform, A-sca-

ling scheme of electronic interactions/charges in the
M M, oA B

scaled ground state \P)\[psd’ pr] = \I/A(\I/A[psd,pﬂl, ql?t[psd’pB])

of the two subsystems in M(A, A) reads:
M M ~ M M
dET(W)/dr = <¥ilp 4 pgll8H, /MWl 4 pol>

x
= Lyeg,g § Pyr) [Bvy(r)/an] dr

M “H M
< lp g ppllVe ¥, 1Py pgl>

X M
= fo=s4,fB J px(r) [avx(r)/a?\] dr + Vee[psa, Pgs AL (e1)
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Its integration along the path 1 in Fig. 2 gives the
following expression for the change in the ground state
electronic energy EM(I), of the real, interacting system
M1, 1),

1
%y - o) = 5 (@M 0/an) an
0
- I po(r) (vir) - VX1 . rl) d
—Zfr=sd,fB Py (T (v(r Veffpsd’pr’r) r
I u
+ g Vee[psa, Pgs Al da, (62)

relative to the energy EM(O) of the noninteracting

electrons in M(0, 0) [see Eq.(28)],

- e, |z 0 O I N R oo
d
= a@o?, B, By 1vfe?, o°)>
N N
) 4~ B
—Z’LI(T@ Ih_le> + 57— <o, Ih lo.> }
x
= fo=sd B (Ts[pr] + [ px(r) Veff[psd’ Pg r] dr}. (63)

The last equation implies that the non-additive Kkinetic
energy functional must be explicitly dependent upon the
numbers of electrons in subsystems (29).

Hence the total energy of the real, fully interacting

system is given by the functional:
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M
E (1) = Ts[psal + Ts[pfgl + [ p(r) v(r) dr
L
+ g Vee[psd’ Pp Al da. (64)

This energy is independently defined by the following
density functionals [see Eq.(15)] (10,11,14):

Mo M
E (1) = Ev[paa, pr]

T [psdl +T [piB] + Jp(r) v(r) dr + Jlp] + E [psd, pB]

T/:[psd, pgl + J p(r) v(r) dr + Jlpl + E_[p].  (65)

Following the Appendix let us intr‘oduce the resultant
scaled exchange-correlation hole h [psd, Py A;or, r'l,
around an electron of the subsystern X in M(A, 7\) (Eq.
(Al6éa)]. The overall exchange-correlation energy E [psd,
P Al for the scaled ground state ‘I//)tt can then be
expressed as the sum of the corresponding resultant

contributions of subsystems [see Eq.(Al7a)l:

M _ M
E gy Pp Al =2V lp, Py Al - Jlp , + pgl)

M
gch[ps!l’ Pp: Al

ff {psd(r)h [p&a, pr,A r, r']

+ pﬁB(r) hfjc[psd, Pgs A el e - r’l—l dr dr’

“’A’ Py Al + E Py Py Al (66)
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. M .
Integration of gxc[p & P Al over the coupling constant A
in the whole range from A = 0 to A = 1 gives the overall

exchange-correlation energy of M(1, 1) (20-22) in terms of

x N o= pk
the average holes of subsystems, hav(r’ r') = hav(])[

r, r’] [Eq.(A18)], averaged over the Path I section:

psa'
pr;

1
M M
Exc[psd, pr] = br gxc[psa, Py Al da

1
1 X , S S
5 Z.‘X=sd,38 ffpx(r) (ghxc[psa,pﬂ,?\, r, r’ldA}|r - r’| “drdr

— 1 x . b — b _1 b
=3 ZiX:&,fB J“fpfx(r) hav[psd’pr’ r, r']lr - r’| ‘drdr’. (67)

Alternatively, the above equation can be interpreted
as defining the nonadditive kinetic energy functional

itself [see Eq. (15)]:

nadd M
Ts [ps!l’ pﬂl - Exc[psd’ pr] - Exc[p]

1
M
= g WV Py Py Al - V .lp, A da

~—

=3 Efx=sa,£ II Pfx(r‘) lr - r,l—z

2
T g
x (g(hxclpsa,pg,h; r,r'] - hxc[p,h; r,r’']) dix} dr dr
=1y 55 poe) Ir - 172
2 “X=4,B X
1 nadd
x {J hI [psa,pr,A; r,r’] dA} dr dr

0]
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1 , -1
=3 Zx=&3 N pfx(r‘) Ir - r’|
x {h* [p po; Tl = h_[p; rrl} drde
av "LV B aP O
dd , , —1 ,
= % L=y g JIPy(r) h;aav[psd,pr; r,r’llr - r’| * drdr’.
(68)

Indeed, within the k-scaling integration scheme along

same path 1 in Fig. 2 one similarly arrives at the

associated relation for the overall density of Eq. (57):

E
xc

1
[p] = g Vee[p; k] de - Jlpl

1
== Il plr) (I R lp, k; r, ©’] dk} Ir - r’l—l dr dr’
p xc

- 1 . ’ - ’ _1 ’

=5 JI p(r) hav[p, r, '] Ir -r’| " drdr’, (69)
where Vee[p; K] = <\I/K[p]|VeeI\I/K[p]> and \I/K[p] = \I/K denotes
the ground state of HK giving rise to the overall density
P =Pyt Py

It should be observed, that the corresponding exact

expectation values of Vee’

M " A
VeelPy P 2 = 11 = Vil pgllV  1¥;ley pgl>

and

VM
ee

Jlp g + pgl + Ef:c[psd’ Pyl (70)

p, Kk =1 = <‘I'1[p]|Vee|\Pl[p]> = Jlpl + Exc[p]’ (71)
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in the fully interacting systems M(1, 1) and M{1), respec-
tively, do not include the corresponding correlation

contributions to the kinetic energy of electrons:

M M M
T lpg pgl =T ley pgl - Tilp g Pyl

_ M =M nadd
= Exc[psd’ pB] - Exc[psg’ PB] - TS [pﬂ) pglp (72)
TC[p] = Te[p] - TS[p] = Exclp] - Exclp]. (73)

M _ M - M = =
Here, TAe[psd’ piB] = <\I!1[psa, pB]ITelxllz[psd, p£]> and Te[p] =
<\111[p]|Tel\I/1[p]> are the exact kinetic energies of
electrons, for the correlated ground state wavefunctions
in # = (1, 1) and M(1), accordingly.

It should also be realized, that the CI expansions of
o
1'Pe Pa

configurations generated by the subsystem orbitals, differ

] and \I/llp] wavefunctions, in terms of

by the charge tramsfer (CT) terms, which change the number
of electrons in subsystems. Such configurations are
neglected in the polarization-only expansion of the
generalized product function \I/A;[p & pr]' Therefore, the
above functionals of the overall density p(r), Te[p] and
Exc[p]’ d_ifj‘yfl'er‘ from their —c/;t)rresponding subsystem resolved
analogs, Te[psd’ pr] and Exc[psd’ pB], by the relevant CT

electron correlation terms:

M

. s =M
TC,CT[p.ﬂ’ pB] = Te[P] Te[psa’ pBL (74)

M 1= E (p] - EM l (75)

Ec,CT[psa’ Pg! = Fxc xc[psd’ Py
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4.2. Separate Scalings of Subsystem Electronic Charges

The Hellmann-Feynman theorem now reads [see Eq.(8c)l:

M
BET (A jAg)/ 0Ny
M ~ M oM
= <Y lp, P ]|8H /A, lp , Pg1>
Agprg 4 B A prg” XA ag P P8
=7 I ey m) (85 | ()/aAy) dr + VY [p pp ]
72=4,8 ° Pz Aghg X eePuPe
1 172 4,8 _
+ 5 (Ay/hfx) Vee [psd’pr’Asd’A , (Y=2X)=4d, B, (76)
where:
X M oM
V" [P pPppA pAyl = <¥ [P,PJIVI P, P>,
eeP@PB*04"B Aprg 4 B ApAg 4 OB
(77)
4,8 M ~d, B, M
V7 7lp Py A g Ag] =<V (o PRIV 27| lp 4 P>
ee "ALTB LB A&,Astdﬂ ee AA,AiBsd.‘B
(78)

For definiteness let us assume X = & and integrate the

above theorem over the whole range of A d for the fixed

value of A_. This procedure gives the following expression
for the E" (1, AEB)—CUt of the ground state energy function

M
E (Asd’ 7\3).

1
M M M
ET(1, Ag) = ET(0, Ag) + g (@E" (A 4 Ag)/ar ) dA

M Z Z
= E (0, AfB) + ZZ=ad,fB I pZ(I‘) [v1 A (r) - v (r)] dr

Ag 0,24

1
A 1/2 4,8
+ 'Or(vee[ps!l’pr’Asd’A 1+ (?\fB/A ) ee lp sd’pr’Asd’AB]} d?\sa.

(79)
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Table 1. Summary of energy changes corresponding to the

scaling paths of Fig. 2.

Mo T _
E"(0,0) = xgﬂ ﬁ(Ts[px] + J pfx(r) Veff[psd’ Py r] dr)
st = M - Moo = § e e i)
X=4,B
% I a
- Veff[psd’ Py rl} dr + br Vee[psd’ Pp Al da
1
= [ p(r) {v(r) - veff[p; rl} dr + [ Vee[p; k] dk

0

2ef = Ef0) - E*0,00 = ¢ p tr) v

1
£ o
- veff[psd’ P rl} dr + bF Vee[psd’ Py AA, 0] d?\sd

eff[pr; r]

et = Mo - EM0,0) = & pg(r) (v

1

eff[psél; ri

B _ B
- Veff[psd’ Pgi rl} dr + g Vee[psd’ Pp 0, AEB] dA‘B
2t = eMan - o
A
=7 psd(l‘) {v(r) - Veff[psa’ Py rl} dr
1 + J pB(r) {vir) - Veff[psd; r]} dr
P 1.-1/72 4,8
+£(Vee[Psd, PB, Asd, 1]+§A84 Vee [Psd, ng Asa, 1]} dAsd
M M P
AE% = A - aET = [ op ) wr) - VD lp pg TD dr

+ J pB(r) {vir) - Veff[psa; rl} dr

1 1
B
I nge[psa’ pg Al dA = TV oy Py 0, Agl dAg
0 0
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Table 1. Continued.

M
AE5

o - a0

=r psa(r) {vir) - v [pr; rl} dr

eff
+ J pr(r‘) {v(r) - vfff[psd, P r]} dr

1 .-1/72 4,8

+ J‘(V [psa, Py 1, 7\ I+ 3 AtB Vee [psd, Pg 1, AB]} dkﬂ

M M M _ )
AE5 = AE} - AE, = J Psa(r) {v(r) veff[pr’ rl} dr
B
+ I pr(r) {vir) - veff[psd’ Pgs r]} dr
I I 4
* g VeelPy Pgr Al dA - g VeelPy Pge A 01 A2y
it = Eon - a0

«
=T psd(r) {veff[psd’ Py r] - veff[pr; rl} dr

B
-J pr(P) {veff[psd, Py r] - veff[psa; r]} dr

1
B 4
g{vee[psd’ P 1= A Agl ~ Vi  lpy pg 1= Ag, Agl

-1/2 4,8
Vo ey Py 1= Ay Agl dA

1
+ 51 - 2551 = A)] 3

= AE', - AE

M M M
AE S 3 2

A
J pd(r) {Veff[psd’ Py rl - Veff[pr; rl} dr

+ f pr(r) {Veff[psél; r] - fof[psd’ Py rl} dr
1 1

B
! VeelP g Ppr Mg 01 AR+ g VeelPy P

0, AﬁB] dAfB
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The explicit expressions obtained from this integrated
Hellmann-Feynman theorem for the energy changes correspon-
ding to the paths 2-5 are reported in Table 1, where we
have summarized the CCI formulas for the energy changes
corresponding to all integration paths shown in Fig. 2.

Following the Appendix we now express the intra- and
inter-subsystem scaled exchange-correlation energies in
terms of the corresponding scaled, subsystem-resolved
holes:

IfX

[psa,pB,R Agl = Axw”f A pAgl - Jlpg D)

celP Py

A x [psa,piB,A WA ]

A

X iI
7= JTpg(r) h

x ’ H —-1 ’
[Psa,PB, 81 l",l' ] |r - r l dl‘dr 3
X =4, B; (80)

g4 B ApAgl = (A g )1/2<V”“B

xc: [psd’pr’ A A gt ]

[p’d)pﬂs Sd’
Jsd,.‘B[psd’p.‘B]}

172

1
5 (AAASB) JI {psd(r) n [pA’ Py Ay Agi T r’]

+ pr(r)hfésa[psa,pEB,Asd,AB; r,r'l} Ir - r’|_1 drdr’. (81)

Consider now a special case of A, = O (path 2 in Fig.

2). The relevant scaled exter‘nal58 potentials for the
limiting points (0, 0) and (I, o) of this integration are
given by Egs. (54b) and (55b); they are also explicitly
listed in Fig. 2. Using these expressions in the above

Hellmann-Feynman theorem for the path 2 in Fig. 2 gives:
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1

a0 = EMo, o) + 1 v®
0

ee[Pﬂ,PfB,Ad, O] da

o

P
+J py(r) (veff[pr; r] - veff[psd’ [ r]) dr, (82)

where the starting point energy EM(O, 0) = EM(O) of the
noninteracting electrons is defined in Eq.{63).

The end-point energy E'M(Z, 0) corresponds to the
vanishing interaction between the «- and B-group
electrons. Therefore, it can be expressed as the sum of

the relevant additive subsystem energies {Elg(l, 0)}:

M _ M

M
E™(1, 0) = 34(1, 0) + EfB(Z’ 0). (83)

In M(1, 0) the d-group electrons are fully interacting
with one another, moving in the effective one-body
potential due to the nuclei and the B-group electrons.

Hence, the energy EM(I, 0) is given by the functional

o

E:‘;(z, 0) = n%s"(x’“) . \7"’ x4

M
Y ol P
N #
*Liop VerstPg TV olp g Pyl

=Tpyl + J pyr) v, log: rldr + Jip |+ E olPgl  (84)

eff
in which the exchange-correlation energy Eﬁ:C[p 84] includes
the relevant correlation correction to the Kinetic energy
of electrons in 4, Tc[psdl' The B-group electrons do not
interact in M(I, 0), moving independently in the effective
potential due to nuclei and electrons of both groups.

Hence the expression for EM(I, 0):

B
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M, _ B
EB‘J) O) = ES[PA, pr]

M ~g
¥ otPe Pl ZI;,=N34+1 bl Py Tl |‘1’1 olPy PgP

. | "B, B M

= <\P1’0[psd, ]|H (r7) |V 1 Olpsd’ pB]>

— B .

= Ts[pr] + [ pB(r) veff[psd’ Py r] dr. (85)

Equations (63), (82)-(85), (Aléa), and (A20a) give the
I:

. . M
following expression for Exc[psd

1
M «
Exc[psd] - “Or Vee[psd’ Pg: 7\34,
1 1 -1
=5 Jr psd(r‘) (gh o [psd,pr,A ,0; T, r’'lda } Ir - | “drdr’

0] d?\sa - J[psd]

Ad,4

- n. ’ o -1 ’
av(2) =0:r, ') |r -r)| ° drdr. (86)

fif

JI psa(r) h (A

AT

B

~

It expresses the exchange-correlation energy in the

subsystem « of M{l, 0) in terms of the exchange-
A, 4 4,4

correlation hole hav(2)(AiB =0, r,r) = hav(2)(r’ r’) for
the non~interacting electrons in B (A sa-aver*aged).
Clearly, the AB—integration for the fixed Asd = 0,

along the path 3 in Fig. 2, will give rise to the corres-
ponding expressions for the exhange-correlation energy of

B in M(0, D:

M
)"C B] J\ V [psg9 Pﬂ, O, AB] dAB - J[pB]
1
1 B,B _ , L ,
=5 N pB(r) {‘ghxc [psd’pr’O’AfB’ r, r ]dAB)Ir r’'| ~ drdr

53 pgr) thv%)( g=0r, ) e - arar,  (87)

DO
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B,B

as a functional of the exchange correlation hole h (A
B B av(3) 4

= 0, r, r) = hav(3)(r’ r’) for the non-interacting

electrons in 4 (AB—averaged). The corresponding energy for

the end point of path 3 in Fig. 2 is:

"o, v = %0, v + %0, 1, (83a)

A B

where:

M oM ~B,_ B °B , B

EiB(O’ 1) = <\I’0,1[psd’ pr]I Te(x )+ Vee(x )

N ' M
¥ Zi=Ns4+1 VerrlPa Tl 1% oy gl

M
= Ts[piB] + [ pr(r) Veff[psd; r] dr + J[pr] + Exc[pB]’ (84a)
M _ A
E‘d(o’ 1) = Es[psd) pB]

Ny

M ~d M
Vo qlpg PglIL; oy hley Py TIIY, oy Pl

M 4 A4 M
<\I/0’1[p84, pr]IHS(r )I\IIO,I[psd’ pr]>

A
TS[psa] + ] p&(r) Veff[psd’ Py r] dr. (85a)

Two additional examples of the nonuniform scaling
paths corresponding to an integration over the whole range
of the coupling constant of one reactant for the fixed
value of the coupling constant of the other reactant are
represented by the paths 4 and 5 in Fig. 2. The correspon-
ding energy changes from the Hellmann-Feynman theorem are
reported in Table 1.

Let us consider an integration over A , along the path

4

4 for constant )\B = 1, i.e. between the points (0, 1) and
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(1, 1) in the (Asd, A )—plane. In these two points the

exchange correlation energy is given by the EM [pB] and

xo[p & pB] functionals, respectively. Hence, the CCI

relation expressing their difference:
M y L 4
Ecleg pgl - B lpgl = g VeelP g P Ap 11 dAy = Jlp

1
1 -1/72 A, B
5 g(hﬂ) Voo [psd, P Ayp 1] da, - Jsd,‘B[psd’ pr]. (88)

Equation (88) can be further transformed by integra-

ting the second integral by parts and using the partitio-

ning of E [p & pgl in accordance with Eq.(Al15) of the
Appendix:
sd A B,B M
Exc g pgl + EL LMoy Pyl - B logl
I 4
= g Vee[psd’ P Asd’ 1] d?\sd - J[psal
- } )" @ P, p 1/8x ) dr,  (89)
0 A ee "L TR sd’ o o

The lL.h.s. of Eq.(88) can be conveniently partitioned
into contributions in the subsystem resolution [Egs.(80),
(81), (A15), and (A17)], which can in turn be expressed in
terms of the corresponding average holes [Egs. (67), (68),
(87), and (A20a)]. The resulting functional for this

energy difference is:
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M M M
Exc[psd’ pr] h Exc[pr] B Exc[ b+ E [psd’ pB]
1 d,4 e B ,
= éff(psa(r)[havm)(r, r') + (4)(1', r’}]
+ pglr )th f4)(r, o) e - 1 Ldr dr. (88a)

It provides a transparent physical interpretation of the
integral in the r.h.s. of Eq. (88).

Obviously, interchanging the subsystem indices in
Eqs.(88) and (88a) gives the corresponding relation which

results from the path 5 integration, in the whole range of

AiB for constant 7\34 = I
M M M 4,8
Exc[psd’ pr] h Exc[psdl - Exc[piB] B [psd’ p‘B]
’ B ‘94 >
ff{pB [h (5)(r, r') + h (5)( r’)l
+ (r) hsa (5)(1‘ r') Ir - r’l—l dr dr’

! -172. 4, B

= I{V [psd, Pg 1 A ] + —2—( .‘B) V.. lp 4 pg 1, AfB]} dAg

- J[pB] - Jsd,fB[ps!l’ pr]' (88b)

The final path 6 of Fig. 2 corresponds to a simulta-
neous integration over the two subsystem scaling factors,
similarly to the previously discussed integration along
the path 1. The CCI trajectory 6 can be considered as

defined by the progress parameter A_, in the range from O

B)
to 1, since Asd = A&(AB) =1 - ?\8. In such a case the full
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derivative of the scaled hamiltonian with respect to AB
includes the contributions from the partial differentia-

tions with respect to both Asd and A_:

B
~ M ~ M ~M
dH /dA = H /A, + (OH /8A ) (dr /dA)
A prg B A prg OB Aprg O 4B
~ M ~ M
= 8H /A, - OH /oA, (90)
Aprg B A prg d

Hence the relevant Hellmann-Feynman theorem for the path 6

in Fig. 2 is [see Eqgs.(76)-(78)]:

M
BE (1-A ,,A,,)
BB M ~“M
= < lp o) (8H 2 N
67\58 1 7\3,7\3 LB Asd’}‘@ B 7\84—1 AB
~ M M
- (8H V-2 90 N | e, pol>
7\84,7\8 A 7\34—1 ?\B 1 ?\8,7\8 4 "B
Z
= ZZ=s4,fB J pz(r) ((avA 2 (r)/aAB)
4B
- (avi N (r)/axﬂ))h —1-a dr
4B 4 "B
B Pl
+V ey g 1= Ag Agl =V by Pg 1 Ap Ag
1 -1/2 4,8 )
+ 2(1—27\3)[7\8(1—7\8)] Vee [Psd, pr, 1 AB’ AfB]' (91)

The coupling constant functional for the path 6 energy
difference, EM(O, 1) - EM(I, 0), can be obtained either by
a direct integration of Eq.(91) (see Table 1) or,

alternatively, from the already derived energy
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expressions. summarized in  Eqs.(83)-(85), their (O,
I)-analogs [Egs.(83a)-(85a)l, and in Egs. (86), (87),
Paths 2 and 3). The latter route gives:

o, 1 - M, o)

= JAp r) (v ff[psg, Pg: Tl - fflpr; rl)

(r) (v ff[psd’ Py r] - eff[psd; rl)} dr

. I 4
+ g Vee[psd’ pB, 0, AfB] dA‘B - bf‘ Vee[psd’ 7\84, 0] dx

Py o

= S o r) (v ff[psa, Pg Tl - VerrlPg T1)

(r) (v ff[psd’ P r] - Veff[psd; rl)} dr

M M
+ (J[pB] - J[psa]) + (Exc[pB] - Exc[psd])' (92)

- Py

The direct integration of the Hellmann-Feynman theorem of
Eq.(91) generates the following coupling constant

functional:

"o, » - a0

= Jp4r) (v ff[pd, Pgs Tl - eff[pr; rl)

- pr(r) (v ff[ps:l’ P r] - eff[psd; r])} dr
I 4
¥ f {V Py Pp 1= Ag Agl = VO lpy Py 1~ Ay, Ag
1 -1/2,4,8
+ 31 = 2a)g - AZ)] Vg Pg 1= A Agh dag.

(93)
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A comparison between the last two equations implies
the eguality between the electron repulsion energies from

these two different integration routes:

1

1
1V 1o, pg O "g) g - ] Ve 01 da
0

[P‘d, p£’ ﬂ,

o
. y
= g (Vee[psa: PB, 1- Aﬂ’ AB] - Vee[p.ﬁa pgy 1- A’ﬂy AB]
1 -1/2 4,8
+ Ef(l - 2?\58)[?\3(1 - AB)] Vee [psa, Py 1- 7\3, AB]} dkﬂ.
(94)

The addition to Lh.s. of Eq. (94) of the difference
(‘I[psdl - J[pr]) gives [see Egs. (86), (87)]:

M M 1 B,B ,
Evctegl = E legl = 5 JI loglr) bl i, 1)
psd(r) hf"/?dz)(r, )y Ir - r’|_1 dr dr’, (95)

which does not include the inter-subsystem contribution.
Performing the same manipulation on the r.h.s. of Eq.

(94) gives:

oM o _ B ) )
xc[ B]— [psd]—.(gVee[psa, pr’1 AEB’ AEB] dAB J[pr]
1 4
-(JO" Vee[psd, pr’I—AfB’ AfB] d?\,B—J[psa]}
1 (1-2r,)

1 B .vdi?
+ = lp,, Ppr 1 = Ay ALl dA. (95)
20[7\(1—?\)]1/2 ee P PB B 8 B
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The CCI expressions in Table 1, for the energy changes
along the specific paths of Fig. 2, include both the
direct integral Hellmann-Feynman formula for the path
under consideration and some alternative energy relations
for the paths 4-6, obtained from selected integrations
along indirect routes involving combinations of the paths

1-3. Clearly, such alternative expressions can also be

. M M M M M M

given for AEZ’ AEZ’ and AE3, e.g., for AE1 = AE2 + AE5 =
M M M M M M M .

AE3 + AE4, AE2 = AEZ - AE5 = AE3 - AE6, etc., using the

direct expressions already listed in the table. Comparing
the alternative CCI formulas for the change in the
electron repulsion energy would then give a number of CCI
identities, similar to that of Eq. (95), which provide
additional, exact constraints on the exchange-correlation

functionals in the subsystem resolution.

5. CONCLUSION

The theory of molecular interactions, and the theory
of chemical reactivity in particular, deal with reactive
systems consisting of complementary subsystems. One of
major goals of the quantum chemistry is to determine
various effects of their interaction, both intra- and
inter-subsystem in character, and how they influence the
ultimate reactivity trends. This can be studied, e.g.,
using the semi-empirically parametrized CSA in the atomic

resolution. Its first-principle, local formulation in DFT
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calls for the Kohn~Sham scheme for subsystems and thus for
a theoretical investigation of the density functionals in
this resolution. Such a subsystem development is a natural
DFT extension of the familiar Hartree-Fock theory and
provides a convenient framework for determining such
subsystem properties as the electronegativity,
hardness/softness and Fukui-function, the quantities
systematically explored within CSA.

This article extends the Hellmann-Feynman analysis and
the range of application of the related technique of the
coupling constant integration, to studying the exchange-
correlation density functionals in the subsystem
resolution. In particular the nonadditive functionals have
been examined in a more detail, with a special emphasis
placed upon the density functional for the nonadditive
kinetic energy of the noninteracting system, which
appeares in the Kohn-Sham theory for subsystems.

The partitioning of the underlying exhange-correlation
holes into the relevant intra- and inter-subsystem parts
has been introduced. It has also been demonstrated how
these various contributions can be "turned on" or "turned
off" by a proper selection of the integration path in the
plane of the scaling factors for the subsystem electronic
charges. Several illustrative integration  trajectories
have been used to derive the corresponding exact integral
expressions for combinations of  various exchange-
correlation functionals of densities of the complementary
subsystems, or equivalently, the functionals involving the

corresponding subsystem exchange-correlation holes.
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6. APPENDIX: EXCHANGE-CORRELATION HOLES
IN THE SUBSYSTEM RESOLUTION

Let us define the one- and two-electron densities of M

described by the generalized product function of Eq.(1):

.dB 643(\1/ (x e X0 W (x

The subsystem spin dependent and spinless one-electron
densities, respectively, are given by the following

expectation values:

= M M 172

psd(x) = Nsa<\If |6(x1 - x)|¥>, psa(r) = Zo-— 1/2p84(x) (A2)
- _ M M 172 o
pB(x) = NB<\IJ |6(xN - x)|¥>, pB(r) = Z@=_1/2pr(x). (A3)

Slmllarly, the four elements of the matrix p2(x x’) =
{p2 (x x'), X, Y = d, B} defining the spin dependent
two-electron densities in the subsystem resolution are

defined by the following expectation values:

Py lx, x) = NN, -D<vlsix, - xsix, - x) 19, (a4)
5P, x) = Ny -nMistx,, -x)80x,,_, ) 1%, (a5)
?B(x, x’) = NstBOI/MIB(xI - x)é(xN - x’)I\I/'M>, (A6)
gﬂ(x, X') = NsaNBOI/MIa(xN - x)6(x1 - x’)I‘I/“>. (A7)
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The corresponding matrix of the spinless two-electron

Z’y(r, ), L. Y = 4, B is

obtained by summations over spins:

densities p/g(r, r) = {p

4, sd 172 172 .94 4
Py = Yoeo1/2 Lyr=_1yp P2 (X X'). etc. (A8)

The matrices of the corresponding exchange correlation

holes in the subsystem resolution,

=M . »1 — =M "y _Iry ’
hxc[psd’ Py X x'] = hxc(x, X') = {hxc (x, x')}, (A9)
M oo WM o XY ,
hxc[psd’ Pg: T r') = hxc(r, r) = {hxc (r, ')}, (A10)

are then defined by the familiar relations [(X,Y) = &, Bl

—x‘ny ’ _ - > —x,y y

P, {(x, x’') = pfx(x) [py(x) + hxC (x, x’)], (All)
x)(y ? o b x"y H

Py (r, r’) = pfx(r) [py(r) + hxc (r, )l (A12)

These equations give rise to the corresponding
expressions for the the intra- and inter-subsystem
exchange-correlation energies I[see Eqgs. (3), (17), and

(31)] in terms of the relevant exchange-correlation holes:

1 x
XC [psa, PB] - <‘I’ [Psd, PB”V I‘I’ [Psd, 8]> - J[p:x]
j‘f px( r) h (r r’) Ir-r'| drdr’, X =4, B; (AI3)
"sd B M

1 4,B , B, 4 , o1 ,
5 J”f(psd(r)hxc (r, ™) + pg.),(r)hxC (r, ©’)r-r’| ~ drdr’,
(A14)
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defining the overall exchange-correlation energy in M:

5434 B,B

I = E. . [psd’p‘B]+E ]+E

[psa, pr]
(A15)

[psd, B lpsa, Py

It should be noticed that for a given position of the

first, X-group electron at r the off-diagonal hole
xX,Y
h

xc
finding the second, %Y-group electron at r’, due to the

(r, r’) represents the correction to the probabilty of

inter-subsystem correlations. Similarly, the diagonal hole
X, X
h

xc
electron probabilities due to the intra-X correlations.

(r, r’) carries the related correction to the two-

Adding the holes in a single row of of the matrix
h" (r, r’) gives the the resultant exchange-correlation
hole of subsystems in M, combining the intra- and inter-

subsystem contributions,

~X , X
hxc(x’ x') = Z‘y—sd,fB (x, x’)
X "o X,Y '
hxc(r, r’) = Zy:ﬂ,ﬂ ho (r, r’). (Al6)

In terms of these resultant holes of subsystems the
overall exchange-correlation energy of Eq.(Al15) can be
expressed as the sum of the resultant subsystem

contributions:

r, r’]

J'f (psd(r) h

xclpﬂ, Pgl = g g

+ pB(r) hfc[psd, Py T rl} Ir - r’I—l dr dr’

_
Exc[psd’ pr] + E [psa, pB] (A17)



Coupling Constant Integration Analysis of Density Functionals for Subsystems 271

A substitution of the wavefunction ‘I/'M[ ] in Egs.

pﬂt pB
(A1)-{A13) by the scaled wavefunctions of Section 3,

M M
q’h[pﬂ’ piB] (or \I/K[p]) and ¥ 1, allows one to

A sd,xfB[psa’ Pg
similarly define the corresponding scaled exchange-
correlation holes discussed in Section 4. Since the former
wavefunction, of the uniformly scaled system M(A, A), can
be considered as a special case of the latter, for the

nonuniformly scaled system M(A AfB)’ below summarized are

&)
the corresponding expressions for the exchange correlation
energy and its subsystem contributions in terms of the

exchange-correlation hole matrix

M Y ] ,
hx.c[psd; pB, Asg’ AB) P: r ] - hxc(Asd) AB) r’ r )
fx Y )
= {h (A & ?\B, r, r')} (AlOa)
defined by the scaled wavefunction I[p & pr] of the

general nonuniform approach [see Egs. (A2)-(A12)]. The
scaled analogs of Egs. (Al13)-(Al7) are:

%X
Ee Pg Pg Ap Ag
= A (<ot Lot

o NURY [psd. prHV | ¥ N [psd, Pg

B> - Jlpy D)
4B 4 B X

>J

= 5 ff px(l‘ fX fx(?\sa, 7\3; r, r') |r - r’l_l dr dr’,

xXc
Y =d B (Al3a)
4,B _ /2
Ee Py Py 2p Agl = (A Ag)
- o B, M

[P,p]lv | ¥ lp,, P
Aprg A B'llee A Ag 4 B

b= J,gley Py

)
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(Asdh ) IJ' (psd(r) h o (7\ B’ r, r’)

DN

Bsd

(r) h (A r, r') |r - r’l_l dr dr’; (Al4a)

+ pB B;

M 4.4
Eclpy P Ap Agl = E Py Pge Ay Agl

+ EB B 7\ ] + E ]; (Al5a)

xé [p‘d’ pB’ A’ﬂ’ [pﬂ’ pg! '4’

sd i = .4 . )
th(A&d’ AB, r; r )] - th (7\.94’ AB, ra P)

72 . 4,8 ) ,
+ (AB/Asa) .. (Asa, Agi Th T ),

r? r, )l = B EB(A

o AB; r, r’)

B’

172 . B,4

+ (7\84/?\8) hxé (7\84, AfB; r, r’'); (Al6a)

M 1 P . ,
Eclpg P Agp Agl =3 JT (A p ) b [2, Agi T, 1]

+ Ag pg(r) hfc[a

b !—1 b
B r, ']} Ir-r'| " dr dr

£ B

1. (Al7a)

r
xc[pﬂ’ pg’ Aﬂ) ] + E [p‘d’ pB’ ﬂ’ B

Expressing the scaled off-diagonal holes through the

subsystem effective and diagonal holes [using Eq.(16a)]

gives:
4,8 ) ,
hxc (7\54, AiB’ r, r’)
_ 172, 4 , 4,4 . )
=(7tsa/?\) [h (sd’ fB’r r)—h (7\54, AB’ r, r’)l,
B.,d . 1/72.. 8B i ,
hXC (;\.94, AB; r, ) (AB/A.J) [h ( AB, r, l")
-~ th’fB(A A, r, r')l, (Al6b)

xc 4B
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A subsequent use of these relations in Eq.(Al4a) gives yet
another expression for the scaled intersubsystem exchange-

correlation energy:

Eve Pg Py Ay Agl

, 4,4 .
ff(h r) [h ( & A‘B; r, r’) - hxc (7\54, ?tﬂ, r, r')l
B , B,8B . )
+ AB Pﬂ(r) [hxc(hﬂ’ A@) r) P) - xc (Asd’ AB, r, r )]}
« Ir -1 Lar dr’; (A14b)

The average holes for a given trajectory in Fig. 2 are
obtained by integration over the corresponding cut of the
(A;il’ AB)-pIane. In particular, for the uniform scaling
path 1 the average hole [Eqs.(67)-(69)] results from the

integration over the common scale factor A = A d4 = AfB’
e.g.,

X,Y ,

haw(l)(r’ r) =7J h (7\ Ay, r’) da

J hx’y(x; r, r')dx = hm’y(r, r). (A18)
xc av

Similarly, for the path 6 the averaging involves the

integration over the independend scale factor AiB =1-2 £

e.g.,

hr(y( J'h (1—7\

av(6) (A19)

fB’ r, r’) da
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Finally, for the scaling paths 2-5, corresponding to the
fixed scaling factor of one subsystem, AfB = A% (paths 2
and 4) or Asd = )\Sa (paths 3 and 5), the hole averaging is
defined by the integration over the scaling factor of the

other subsystem, e.g.,

f)C,‘H O_ _— fx,‘y 0' ,
Movia,atg T T =T h TQA Ag r, r) dAy, (A20a)
x’(y 0 Yy x,y 0 . ,

av(3,5)(hsd’ r,r)=17_ hxc (7\34, AiB’ r, r’) dAfB. (A20b)
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Absorption spectrum, two-photon, polyenes,

173-174
Algebra, diagonal vector spaces, 52
Algorithms
classical quantum mechanics, 51
finite lattice DMRG, 143-145
marching cubes, 54
Angular momentum density functions,
21-22
ASA, see Atomic shell approximation
Atomic resolution, and CSA, 219
Atomic shell approximation
AM DF visualization, 32-35
ASA VMYV DF visualization, 35-37
convex conditions, 8-9
eDF visualization, 24-27
KE DF visualization, 27-29
kinetic energy DF, 20
QDF visualization, 29-32

B

Binding energy, polymer singlet exciton,
175-184

Bond order wave, in dynamic SDMRG
method, 166

BOW, see Bond order wave

C

CCl, see Coupling constant integration
Charge excitation gap, Hubbard—Peierls
model, 177

Charge sensitivity analysis, and DF, 219
Charge transfer terms, in CCI, 253
Classical quantum mechanics

algorithm, 51-52

expectation values, 5-6

Subject Index

Complementary subsystems, in combined
molecular system, 221-225
Computer languages, FORTRAN, 146--147
Conjugated polymers, SDMRG
excited state ordering, 184—193
lattice relaxation, 193-201
optical spectra, 170-175
singlet exciton binding energy, 175-184
studies, 169-170
Continuous generating rule, 51
Convex conditions
and ASA fitting, 8-9
definition, 49-50
Correction vector method, polyene optical
spectra, 170—171
Correlated static exchange, in Green’s
function optical potential, 107
Coupling constant integration
electronic charge uniform scaling,
248-253
KS system, 239
nonadditive functionals, 220-221
in PPP model, 196
subsystem electronic charges, separate
scalings, 254-266
Crossover behavior
conjugated polymer models, 186—190
polyenes, 190-193
CSA, see Charge sensitivity analysis
CT terms, see Charge transfer terms
CV method, see Correction vector method

D

Degenerate states, zeroth-order, 97-99
Density functions
angular momentum, 21-22
electronic, 24-27, 49
energy, 232
extended, see Extended density functions
generalised, 9-10
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Density functions (continued)
molecular extended, see Molecular
extended density functions

as object tags
ASA fitting, 8-9
generalised DF, 9-10
QO0, 5-7
variable reduction, 8
for optimum KS determinant, 235-236
quadrupole, 20
reactivity criteria, 219
surface visualization details, 54
velocity, 22-23 .
Density matrix eigenvalues, in truncation
scheme, 139-140
Density matrix renormalization group
method
accuracy and applications, 147—149
development, 137-138
for dynamic NLO response, 160—163
evaluation, 149-150
finite lattice DMRG algorithm,
143-145
implementation, 141-143, 146-147
lattice relaxation, 193-201
PBC, 145
property computations, 146
standard real-space quantum RG
procedure, 138-139
symmetrized
accuracy, 155-157
for excited states, 150—151
implementation, 151-155
truncation scheme, 139-140
DF, see Density functions
Diagonal vector spaces, algebra, 52
Differential operators, and KE
EH considerations, 13-16
EH energy scaling, 17-19
EH rule generation, 17
EH spaces, 11-13
extended wavefunction projectors, 19
problem statement, 10-11
Dirac equation, in EH space, 46-47
Discrete generating rule, 51-52
DMRG method, see Density matrix
renormalization group method
Dynamic nonlinear optical response, DMRG
method, 160163
Dynamic particle—hole self energy,
96-97

SUBJECT INDEX

Dynamic self energy, Green’s function,
82-83
Dyson equation, and self energy, 81-82

E

EA, see Electro-absorption spectrum
eDF, see Electronic density functions
Effective subsystem Schrédinger equations,
223
EH spaces, see Extended Hilbert spaces
Eigenvalues
density matrix eigenvalues, 139-140
first order extended eigenvalue problem,
102-104
Eigenvectors, physical and unphysical, 100
Electro-absorption spectrum, polyenes,
174-175
Electron density, subsystems, 228
Electronic charges
CCI subsystem
separate scaling, 254-266
uniform scaling, 248-253
in M, uniform scaling, 247-248
subsystems
separate scalings, 243-246
uniform scaling, 239-242
Electronic density functions
ASA, visualization, 24-27
first order, 49
Electronic energy, expression, 224-225
Electronic excitations, SSH model, 193-194
Electrons
non-interacting, in CCI subsystem,
259-260
static particle—hole self energy, 119
static particle—particle self energy,
117-118
Element sum, (m X n) matrix A, 50
Energy
binding energy, 175-184
electronic energy, 224-225
exchange-correlation energy, 232,
259-260
in extended wavefunction representation,
38-43
kinetic, see Kinetic energy
lattice relaxation, 199-200
nonadditive kinetic energy, 231
self, see Self energy
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Energy density functionals, 232
Energy scaling, in EH spaces, 17-19
Equilibrium density, 233
Exchange-correlation energy, 232, 259-260
Exchange-correlation holes
matrix, 271
in subsystem resolution, 268-274
Excitation energy operator, in Green’s
functions, 80, 87-90
Excited states
conjugated polymer models, 184—193
DMRG method symmetry
implementation, 151155
SDMRG method, 150-151, 155-157
Expectation values, in classical quantum
mechanics, 5-6
Extended density functions
angular momentum DF, 21-22
ASA KE DF, 20
mass variation with velocity DF, 22-23
quadrupole DF, 20-21
Extended Hilbert spaces
in differential operator problem
EH considerations, 13-16
EH energy scaling, 17-19
EH rule generation, 17
EH spaces, 11-13
extended wavefunction projectors, 19
Dirac equation, 4647
quadrupole DF, 20-21
Extended hole-hole Green’s function, 79
Extended Hubbard Hamiltonian model,
131-132
Extended norm operator, 45-46
Extended particle-hole Green’s functions,
78, 85-87, 90-92
Extended propagators, Green’s functions,
84-85
Extended states, Green’s functions, 71-74
Extended two-particle Green’s functions
advanced function, 92
basic formalism, 70-71
cases, 78-81
dynamic self energy, 82-83
Dyson equation and self energy, 81-82
extended particle-hole states, 85-87
extended particle—hole structure, 90-92
extended states, 71-74
formal properties, 84—85
generalised excitation energy operator H,
87-90

w-product, 74-76
for real arguments, 92-94
retarded function, 92
static self energy, 8283
super-operators, 76—78, 83-84
Extended wavefunctions
Dirac equation in EH space, 46—47
energy, 38-43
momentum and extended norm operator,
45-46
projector equations, 19
virial operators, 44
External potentials, coupled to density, 245

F

Feshbach’s function optical potential,
107-109
FF, see Fukui function
First order extended eigenvalue problem,
102-104
First order self energy
eigenvectors, 100
FOSEP, 99-101
RPA, 100
SCI, 100
TDA, 100
First order static excitation potential, 99
FORTRAN, for DMRG method
implementation, 146—147
FOSEP, see First order static excitation
potential
Fragment Hamiltonians, 226
Fukui function, 219

G

Generalised density functions, 9-10
Generating rules
continuous generating rule, 51
discrete rule, 51-52
Green'’s function
extended hole—hole Green’s function, 79
extended particle—hole Green’s function,
78, 90-92
extended two-particle Green’s functions
advanced function, 92
basic formalism, 70-71
cases, 78-81
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Green’s function (continued)
dynamic self energy, 8283
Dyson equation and self energy, 81-82
extended particle—hole states, 85-87
extended particle~hole structure, 90-92
extended states, 71-74
formal properties, 8485
generalised excitation energy operator

H, 87-90
w-product, 74-76
for real arguments, 92-94
retarded function, 92
static self energy, 82-83
super-operator expansions, 83-84
super-operators, 7678
optical potential, 105-107

H

Hamiltonians
extended Hubbard model, 131-132
fragment Hamiltonians, 226
many-body
model solutions, 133-17
7 conjugated systems, 125-133
scaled
electronic Hamiltonian, 238
M electronic charges, 247-248
subsystem electronic charges, 239-246
Hartree potential, 231
Heisenberg model, 7 conjugated systems,
132-133
Hellmann-Feynman theory
CCI electronic charge uniform scaling,
248-249
in CCI subsystem, 254, 257, 263-266
Hamiltonians, 226-227
Hermitian character, subsystem
Hamiltonians, 226-227
Hilbert spaces
extended
in differential operator problem, 11-19
Dirac equation, 46—47
quadrupole DF, 20-21
Y, formal definition, 116-117
Hubbard model, 7 conjugated systems,
128-129
Hubbard-Peierls model, 177, 179
Hiickel model, 7 conjugated systems,
126128
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I

Image construction, in DF surface
visualization, 54

Intermediate correlation regime, 180-183

Inter-subsystem correlation, 270

Inward matrix product, 53

K

KE, see Kinetic energy
Kinetic energy
ASA DF, 20, 27-29
and differential operator
EH considerations, 13-16
EH energy scaling, 17-19
EH rule generation, 17
EH spaces, 11-13
extended wavefunction projectors, 19
problem statement, 1011
nonadditive functionals
dependencies, 249
equations, 251-252
and FF, 219
KS orbitals, 234
nonadditive kinetic energy, 231
Kohn-Sham theory
CCl, 239
in FF, 219
nonadditive functionals, 234-238
for subsystems, 228-233, 243
KS theory, see Kohn—Sham theory

L

Large correlation regime, 183-184

Lattice relaxation, DMRG studies, 193-201
Linear absorption, polyenes, 172173
Linear operators, on space Y, 74

Linear optical spectrum, polyenes, 170-175
Local resolution, and CSA, 219

M

Many-body Hamiltonians
model solutions
diagrammatic VB method, 134-136
methods, 133-134
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QMC technique, 136137
7 conjugated systems
Heisenberg model, 132-133
Hubbard model, 128-129
Hiickel model, 126128
model, 125-126
PPP model, 129-131
U-V model, 131-132
Many-body systems, optical potential
usage, 67
Marching cubes algorithm, 54
Mass variation, with velocity DF, 22-23
Matrices
density matrix eigenvalues, 139-140
DMRG, see Density matrix
renormalization group method
inward matrix product, 53
(m X n) element sum, 50
SDMRG, see Symmetrized density matrix
renormalization group method
unity matrix, 52
MCA, see Marching cubes algorithm
Models
extended Hubbard Hamiltonian model,
131-132
Green’s function, 79
Heisenberg model, 132133
Hubbard model, 128-129
Hubbard—Peierls model, 177, 179
Hiickel model, 126128
many-body Hamiltonian solutions
diagrammatic VB method, 134-136
methods, 133-134
QMC technique, 136137
Pariser—Parr—Pople model
conjugated polymer excited state
ordering, 184-193
coupling constant, 196
7 conjugated systems, 129-131
7 conjugated systems
Heisenberg model, 132-133
Hubbard model, 128-129
Hiickel model, 126-128
overview, 125-126
PPP model, 129131
U-V model, 131-132
Su-Schrieffer—Heeger model
lattice relaxation, 193-194,
199-200
soliton pair, 200-201
solitons, 195-196

U-v
conjugated polymer excited state
ordering, 184193
dynamic SDMRG method, 164
7 conjugated systems, 131-132
polyenes, 171-172
Molecular extended density functions
ASA AM DF visualization, 32-35
ASA eDF visualization, 24-27
ASA KE DF visualization, 27-29
ASA QDF visualization, 29-32
ASA VMYV DF visualization, 35-37
comparative visualization, 38
Molecular systems
combined, complementary subsystems,
221-225
electronic charges, uniform scaling,
247-248
subsystem resolution, 268-274
Momentum, in extended wavefunction
representation, 45-46
Monte Carlo technique, for many-body
Hamiltonians, 136-137
M-Schrodinger equation, 223
0-product, Green’s functions, 74-76

N

NLO, see Dynamic nonlinear optical
response
Nonadditive kinetic energy, 231
Nonadditive kinetic energy functionals
dependencies, 249
equations, 251-252
and FF, 219
KS orbitals, 234-238
Non-interacting electrons, in CCI
subsystem, 259--260
Nonlinear optical response, DMRG
technique, 160-163
Nonlinear optical spectrum, polyenes,
170-175

Object tags, DF as
ASA fitting, 8-9
convex conditions, 8-9
generalised DF, 9-10
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Object tags, DF as (continued)
QO0, 5-7
variable reduction, 8
Operators
differential, 10-19
excitation energy, 80, 87-90
extended norm operator, 45-46
linear operators, 74
super-operators, 76—78, 83-84
virial, 44
Optical coefficients, dynamical nonlinear,
158-160
Optical potentials
for many-body systems, 67
for single-particle scattering
Feshbach’s function, 107-109
Green’s function, 105-107

P

PA, see Polyacetylene
Para-phenylene vinylenes, 158, 182183
Pariser—Parr—Pople model
conjugated polymer excited state ordering,
184-193
coupling constant, 196
T conjugated systems, 129-131
Particle-hole scattering potentials, 112-114
PBC, see Periodic boundary conditions
Periodic boundary conditions, in DMRG
method, 145
Physical component, in Green’s function, 79
Physical eigenvectors, first order self
energy, 100
T conjugated systems, many-body
Hamiltonians
Heisenberg model, 132-~133
Hubbard model, 128-129
Hiickel model, 126-128
model, 125-126
PPP model, 129-131
U-V model, 131-132
Polyacetylene, DMRG, 181-182
Polyenes
CV method, 170-171
EA, 174-175
linear absorption, 172-173
PPP models of crossover, 190—193
THG, 174-175
two-photon absorption spectrum, 173-174
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U-V model, 171-172
Polymers, conjugated, SDMRG
excited state ordering, 184193
lattice relaxation, 193-201
optical spectra, 170-175
singlet exciton binding energy, 175-184
studies, 169-170
Poly-para-phenylenes, 158
Potentials
external potential, 245
Feshbach’s function optical potential,
107109
first order static excitation potential, 99
Hartree potential, 231
optical
for many-body systems, 67
for single-particle scattering, 105-109
scaled external potentials, 237, 239, 241
static scattering
Feshbach’s function optical potential,
107-109
Green’s function optical potential,
105-107
particle-hole scattering, 112114
two-particle scattering, 109-112
subsystem effective one-body potential,
229-231
PPP, see Poly-para-phenylenes
PPP model, see Pariser—Parr—Pople model
PPV, see Para-phenylene vinylenes
Primary set of states, in Green's function,
79
Progress parameter, in CCI subsystem,
262-263

Q

QMC technique, see Quantum Monte Carlo
technique
QO, see Quantum object
QSM, see Quantum similarity measures
Quadrupole density function, 20
Quantum mechanics, classical
algorithm, 51-52
expectation values, 5-6
Quantum Monte Carlo technique, 136-137
Quantum object
definition, 48
in DF
definition and generating rules, 7
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examples, 67
expectation values, 5-6
Quantum similarity measures
convex conditions, 49-50
element sum, 50
first order eDF, 49
general QSM, 50
QO, 48
tagged ensemble, 51
tagged sets, 48
VSS, 48

R

Random-phase approximation

first order self energy, 100-101

in self energy, 102-104
Reactivity criteria, DF, 219
Relaxation, lattice, DMRG studies, 193-201
Resolution

atomic and local, 219

subsystems, exchange-correlation holes,

268-274

Resultant exchange-correlation hole, 270
RPA, see Random-phase approximation

S

Scaled external potentials, 237, 239, 241
Scaled ground-state density subsystems, 240
Scaled ground-state wavefunction
subsystems, 240
Scaled Hamiltonians
electronic Hamiltonian, 238
M electronic charges, uniform scaling,
247-248
subsystem electronic charges
separate scalings, 243-246
uniform scaling, 239-242
Scaled subsystem wavefunction, 241
Scaling
energy, in EH spaces, 17-19
subsystem electronic charges
separate scaling, 243246
uniform scaling, 239-242
Schrédinger equations
effective subsystem, 223
M-Schrédinger equation, 223
separate fragment, 225
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SCI, see Single-excitation configuration
interaction
SDMRG method, see Symmetrized density
matrix renormalization group method
Self energy
dynamic, Green'’s function, §2-83
dynamic particle—hole, 96-97
and Dyson equation, 81-82
first order energy, 99-102
first order extended eigenvalue problem,
102-104
RPA, 102-104
static, Green’s function, 8283
static part, 94--96
static particle-hole energy, 119
static particle—particle energy, 117-118
two-particle, equation, 82
zeroth-order degenerate states, 97-99
Separate fragment Schrodinger equation,
225
Separate scalings, CCI subsystem electronic
charges, 254-266
Single-excitation configuration interaction,
first order self energy, 100
Single-particle scattering
Feshbach’s function optical potential,
107-109
Green’s function optical potential,
105-107
Single-particle type excitation, in many-
body systems, 67
Singlet exciton, polymer binding energy,
175-184
Slater determinants, in KS scheme, 228
Small correlation regime, 180-183
Solitons, in SSH model, 195-196, 200-201
Spaces
diagonal vector, algebra, 52
extended Hilbert spaces, 11-21, 46-47
vector semispace, 48
Y, linear operators, 74
Spectra, polyenes, 170-175
SSH model, see Su~Schrieffer—Heeger
model
Static exchange, in Green’s function optical
potential, 107
Static particle—hole self energy, 119
Static particle—particle self energy, 117-118
Static scattering potentials
Feshbach’s function optical potential,
107-109
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Static scattering potentials (continued)
Green'’s function optical potential,
105-107
particle-hole scattering, 112—114
two-particle scattering, 109-112
Static self energy, Green’s function, 82—83
Subsystems
complementary subsystems, 221-225
effective one-body potential, 229-231
effective subsystem Schrodinger
equations, 223
electron densities, 228
electronic charges
separate scalings, 243—-246, 254-266
uniform scaling, 239-242
Hamiltonians, hermitian character,
226-227
inter-subsystem correlation, 270
resolution, exchange-correlation holes,
268-274
scaled wavefunction, 241
Super-operators, Green’s function
definition, 76-77
expansions, 83-84
properties, 77-78
Surface visualization, density functional, 54
Su—Schrieffer—Heeger model
lattice relaxation, 193-194, 199-200
soliton pair, 200-201
solitons, 195-196
Symmetrized density matrix renormalization
group method
accuracy, 155-157
conjugated polymers
excited state ordering, 184—193
lattice relaxation, 193-201
optical spectra, 170-175
singlet exciton binding energy,
175-184
studies, 169-170
dynamic, accuracy, 163-168
dynamical nonlinear optical coefficients,
158-160
for excited states, 150—151
implementation, 151-155

T

Tagged ensemble, 51
Tagged sets, 48

SUBJECT INDEX

Tamm-~Dancoff approximation, 100—101
TDA, see Tamm--Dancoff approximation
THG, see Third harmonic generation
Third harmonic generation
in dynamic SDMRG method, 163
polyenes, 174-175
Truncation scheme, based on density matrix
eigenvalues, 139-140
Two-particle scattering potentials, 109-112
Two-particle self energy equation, 82
Two-particle type excitations, 67-68

U

U limit, Hubbard—Peierls model, 179
Uniform scaling, electronic charges
CCI, 248-253
in M, 247-248
subsystems, 239-242
Unity matrix, 52
Unphysical component, in Green’s function,
79
Unphysical eigenvectors, first order self
energy, 100
U-V model
conjugated polymer excited state ordering,
184-193
dynamic SDMRG method, 164
w conjugated systems, 131-132
polyenes, 171-172

v

Valence bond method, 134-136
Variational principle, 222
VB method, see Valence bond method
Vector method, polyene optical spectra,

170-171
Vector semispace, 48
Vector spaces, diagonal, algebra, 52
Velocity density functions, 22-23
Virial operators, 44
Visualization

molecular extended DF

ASA AM DF, 32-35

ASA eDF, 24-27

ASA KE DF, 27-29

ASA QDF, 29-32

ASA VMV DF, 35-37



comparative, 38
surface, DF, 54
VSS, see Vector semispace

w

Wavefunctions
extended

SUBJECT INDEX

Dirac equation in EH space, 46-47
energy, 38—43
momentum and extended norm
operator, 45-46
projector equations, 19
virial operators, 44
scaled ground state wavefunction
subsystems, 240
scaled subsystem, 241
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